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SUMMARY

This study compared three methods of teaching selected mathe-
matical content in eighth and ninth grade general mathematics
courses. The three methods were labeled "Method D" (non-verbalized
student discovery of principles and generalizations), "Method E"
(student-teacher development of principles and generalizations)
and "Method S" (teacher statement and application of principles
and generalizations with illustrations in a problem set followed
by student application of the principles and generalizations in
a similar problem set). Using the content selected from Units 1,
2, 3, and 4 of Experiences in Mathematical Discovery (National
Council of Teachers of Mathematics, 1966), three units (1, 2, 3)
of instructional materials were written according to the definition
of each of the three teaching methods.

The experimental phase of the study was conducted from
November 29, 1967 to February 16, 1968. The sample consisted of
approximately 400 students in 18 general mathematics classes taught
by seven teachers in the two Georgia public schools. Each teacher
was randomly assigned two of the three teaching methods which were,
in turn, randomly assigned to that teacher's classes. Assignments
were made so that a total of six classes constituted each treatment
group. The teachers received training in their assigned methods
twice before the beginning of Unit 1 and once during each unit of
instruction. The teachers, classes, methods, and assignments were
constant for each unit, only the subject matter changed. In fact,

the subject matter of each unit ias independent of the subject
matter of the other units.

"he bases for comparisons in each unit were achievement, as
measured by an immediate posttest in the selected content, and
retention, as measured by a delayed posttest which was administered
approximately five weeks after the end of the'unit:- These tests were

constructed by the investigators. In addition to unit pretests,
the Otis Quick-Scoring Mew-al Ability Tests and the Arithmetic
Concepts subtext of the Stanford Achievement Test were used to
classify subjects according to mental ability and general mathe-
matical achievement. A Student Rating Scale (SRS) and an Observer
Rating Scale (ORS) were instruments by which students and adults
rated tea.cher fidelity to his assigned methods. Dutton's Attitude
Toward Mathematics scale was employed to measure changes in both
teacher and student attitude over the entire project.

Analysis o: variance and analysis of covariance were the
statistical techniques employed in the study.



None of the three teaching methods was superior for male students

on either achievement or retention. Female subjects, however, did not
achieve'or retain the selected material as well in the leas- directed
method (D) during the first unit of instruction. In subsel..lcui. units

female subjects in-general continued to achieve significantly bc:ter
under the more-directed methods (E and S) but retention differences
were non-significant.

This research indicates that -the three methods defined in the
study are equally effective for retention of the selected mathe-
matics material if-the methods are consistently used for a period of
approximately one month.



CHAPTER I

ORIENTATION TO THE STUDY

In a recent paper, Romberg and DeVault (1967) identified form con-

tents which influence mathematics curriculum: (1) mathematics, (2)

learners, (3) teachers, and (4) instruction. The concern of the present

study fell within the fourth component --instruction. In particular,

the study concentrated on three specific instructional approaches

which are differentiated primarily by the amount of teacher exposition

or guidance toward the desired learning outcomes. The learners were

eighth and ninth grade general mathematics students who were pre-

dominantly below-average achievers in mathematics; teachers were full -

time classroom teachers in public schools; and the mathematics consisted

of topics deemed suitable for general mathematics students by the

National Council of Teachers of Mathematics.

Problem

This study compared three methods of teaching selected mathematical

content in eighth- and ninth- grade general mathematics courses.

Brief descriptions of the teaching methods appear below (detailed

descriptions are in the section "Teaching Methods," page 7):

Method D stresses non-verbalized student discovery of mathematical

principles and generalizations with the teacher in a supervisory role.

Method E stresses teacher-student development of mathematical

principles and generalizations through overt cooperative effort.

Method S stresses teacher statement and application of mathematical

principles and generalization to a problem set, followed by student

application of principles and generalizations to a similar problem set.

The mathematical content was selected from Units 1, 2, 3, and 4 of

Experiences in Mathematical Discovery (National Council of Teachers of

Mathematics, 1966). (See letters requesting and granting permission to

use the content of Experiences in Mathematical Discovery in Appendix A,

P- 78.) The selected content treats simple formulas, patterns, graphs,

properties of operations with whole numbers, mathematical sentences,

and geometry. For purposes of this study, the selected content was

organized into three instructional units - -Unit 1, Unit 2, and Unit 3.

:Leaching methods were compared on the basis of student achievement

and retentioa. Achievement was measured by immediate posttests adminis-

tered immediately following each unit. Retention was measured by delayed

posttests administered approximately five weeks following the completion

of each unit.



To accomplish the purpose of the study, the experimenters used 18

general mathematics classes in two Georgia public schools for approxi-

mately eight weeks during the 1967-68 academic year.

Hypotheses

The study consisted of three independent units of mathematics and

was treated as three individual studies with the same sample and

instructors. The primary objective was the same for each unit--to

determine the relative effectiveness of Methods, D, E, and S upon

achievement and -:qtention. The specific hypotheses may be stated in

categories. (a) Those pertaining to units 1 and 3 were:

1. There are no significant differences among adjusted group

achievement means when the subjects are classified according

to each of the following main variables:

(a) treatment (method)

(b) teacher

(c) sex of student

(a; school

(e) grade !evel
(f) period of day

2. There are no significant differences among adjusted treat-

ment group means on achievement for subjects within each of

the following classifications:

(g) eighth grade
(h) ninth grade
(i) female teachers

(j) male teachers

(k) female students
(1) male students

(m) School 1

(n) School 2

(o) eighth grade female students

(p) eighth grade male students

(q) ninth grade female students

(r) ninth grade male students

(s) female students of fraiale teachers

(t) male students of female tee .ners

(a) female acudents of male teachers

(v) male students of male teachers

3. There are no significant differences among adjusted group retention

means when the subjects are classified according to each of

variables 1 (a) through 1 (1).

4



4. There are no significant differences among adjusted treatment

group retention means for subjects within each of classifications

2 (q) through 2(v).

5. There are no significant first-order interactions between any two
of the variables treatment, sex of student, prior general mathe-
matical achievement level, mental ability level, and prior achieve-
ment level in the selected content.

In the preceeding hypotheses, the phrase "adjusted... means" refers

to means adjusted for mental ability, prior' eneral mathematical achieve-

ment, and prior achievement in the selected content by the analysis of

covariance. The null hypotheses formulated specifically for Unit 2 will

now be stated.

For Unit 2, the following null hypotheses pertaining to the composite
population of classes were formulated:

1. The three treatments (teaching methods) have no differential effect
on achievement in the selected content.

2. The three treatments have no differential effect on retention in
the selected content.

For Unit 2, the following null hypotheses pertaining to the popu-
lation of ninth (eighth) grade students were formulated:

1. The three treatments have no differential effect on achievement
in the selected content.

2. Ninth (eighth) grade general mathematics classes nested in treatments
have no differential effect on achievement in the selected content.

3. Achievement of students who score at or above the pretest median
does not differ from the achievement of students who score below
the pretest median.

4. The L'ane treatmerta halm no diffreutlal effect on retention
in the selected content.

5. Ninth (Eighth) grade general mathematics classes nested in treatments
have no differential effect on retention in the selected content.

6. Retention of students who score at or above the pretest median
differs from the retention of students who score below the pretest
median.

5



For unit 2 the following hypotheses pertaining to the population of

eighth grade students were formulated in addition to the preceeding

hypotheses:

1. The two schools have no differential effect on achievement in

the selected content.

2. The two schools have no differential effect on retention in

the selected content.

For the entire study the following null hypotheses were formulated:

1. When students are classified according to treatment and grade

level, there are no significant differences in change of atti-

tudes toward mathematics, as measured by gains on Dutton's

scale, among classification groups.

2. The selected first-order interactions between the variables

treatment (method), teacher, sex of student, period of day,

grade level, class, and school are not significant.

Educational Significance

This study is of particular significance to mathematics educators,

teachers of eighth and ninth grade general mathematics courses, and

researchers in mathematics education.

In working with prospective and in-service general mathematics

teachers, mathematics educators can use the three methods (D,E, and 0

as specific examples of less-directed and more-directed teaching pro-

cedures. Model lessons taken from this study's instructional materials

can be used to demonstrate the use of each method. Prospective and in-

service teachers can be shown that there is not just one method of

teaching a given mathematical pr,lciple, but several methods are available.

Mathematics educators can use tho results of the study when discussing

the relative effectiveness of the three methods as used in actual

classroom settings.

Many eigLth- ninth-b..citit. general mathematics teachers are seeking

methods of teaching which can be used effectively in their classes.

This study describes three such methods and demonstrates the relative

effectiveness of Methods D,E, and S in general mathematics classes. The

descriptions of the three methods can be used by teachers to prepare

lesson plans in a variety of content areas. If the selected content is

to be taught, a teacher may choose to use the instructional materials

written for this study.

Methodology is an area of current interest to research workers in

mathematics education. This is evidenced in Chapter II, "Review of the

Related Literature." As an aid to these researchers, the present study
offers a comprehensive review of theoretical proposals and empirical

studies, a method of attacking a problem involving the comparison of

several teaching approaches, and the results of comparing Methods D,E,

6



and S on the basis of student achievement and retention. In Chapter V,

recommendaeons for future research are offered for consideration and,
hopefully, pursuit by researchers in mathematics education.

Teaching Methods

Method D is a teaching method characterized by non-verbalized
student disCovery of mathematical principles and generalizations with
the teacher in a supervisory role. "Discovery" is used here in the

sense that Bruner (1961) describes it; that is, as a rearrangement or
transformation of evidence by the student so that he is enabled to go

beyond the evidence to new insights. The student discovery in this

method is referred to as "non-verbalized" because the student is not
required to verbalize his new insights. Students in this method work
independently on an individual set of instructional materials as they
attempt to discover mathematical principles for themselves. Talking

among students is not allowed. The teacher circulates among students
and is allowed to tell students one at a time whether their answers to
specific problems are right or wrong. The teacher is not allowed to

state mathematical principles or generalizations intended for student

discovery. No pressure is exerted on students to verbalize their

findings. However, if a student asks a question about the truth or
falsity of a student-formulated generalization, the teacher is allowed
to tell the student whether the generalization is true or false. If

the generalization is false, the teacher encourages the student to look

for a counter-example to the false generalization. Students are

frequently encouraged to think of themselves as discoverers of mathe-

matics.

The major components of Method D may be summarized as follows:

1. Students work on their own in an attempt to discover mathe-
matical principles and generalizations for themselves.

2. Students do not talk to each other about their work.

3. The teacher tells students one at a time whether their answers
to problems in the "discussion" section of a lesson are right

or wrong.

4. The teacher writes the answers to problems in the "exercises:

section of a lesson on the chalkboard but does not show
students how to solve the problems.

5. The teacher gives frequent encouragement to students to think
of themselves as discoverers of mathematics.

6. When students check the truth or falsity of student-formulated
generalizations with the teacher, the teacher states whether
the generalizations are true or false and encourages students

to look for their own counterexamples to false generalizations.

7



Method E is a teaching method characterized by teacher-student develop-

ment iirrnificematical principles and generalizations through overt cooperative

effort. An "overt cooperative effort" may be thought of as an open, verbal

sharing of ideas between teacher and students as they work together to

arrive at mathematical principles and generalizations. Students in this

method are furnished with individual sets of instructional materials, but

they are not required to work independently as in Method D. The teacher

leads the class through a predetermined sequence of questions and problems.

Class members are called upon to supply answers, and they may be assisted

or challenged by other class members. The teacher is allowed to supply

answers when the class is unable to do so. Students are encouraged to use

the problems inductively to discover and verbalize the mathematical principles

or generalizations involved. If a student thinks he has arrived at a

generalization, he is encouraged to verbalize his generalization for the

class. If the generalization is false, the teacher offers a counterexample

to show why it is false. The teacher verbalizes the intended mathematical

principle only if the class is unable to do so.

The major components of Method E may be summarized as follows:

1. Students and teacher work out mathematical principles and general-

izations through overt cooperative effort.

2. Students share ideas with each other in an effort to discover

mathematical principles and generalizations.

3. The teacher tells students whether their answers to problems in

the "discustion" section of a lesson are right or wrong and

encourages students to use these problems inductively to discover

mathematical principles or generalizations.

4. The teacher writes the answers to problems in the "exercises"

section of a lesson on the chalkboard and identifies the mathe-

matical principle that can be used to solve each problem.

5. The teacher encourages students to think of themselves as dis-

coverers of mathematics.

6. When students check the truth or falsity of generalizations with

the teacher, the teacher states whether the generalizations are

true or false and gives counterexamples to false generalizations.

Method S refers to a teaching method characterized by teacher statement

and application of mathematical principles and generalizations to a problem

set, followed by student application of principles and generalizations to a

similar problem set. The initial setp in this method is the statement of a

mathematical principle or generalization by the teacher. The teacher then

applies the principle or generalization to a problem set, showing the class

step-by-step solutions. Each student has his own set of instructional

materials in which he can follow the demonstration. When the teacher com-

pletes the demonstration, students attempt to apply the mathematical principle
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or generalization to a similar problem set. Class members are allowed
share ideas with each other about how to apply the principle or

generalization. If a student asks a question about a problem, the
teacher tells the student whether his answer is right or wrong, reiter-
ates the mathematical principle or generalization that can be used
to solve the problem, and relates the problem to other problems of the

same type worked previously by the teacher. No pressure is exerted on
students to discover or verbalize principles and generalizations for

themselves. The teacher is regarded as the primary source of authority

in mathematics.

The major components of Method S may be summarized as follows:

1. The teacher states and applies mathematical principles and
generalizations without giving students an opportunity to
discover the principles and generalizations for themselves.

2. Students share ideas with each other about how to apply mathe-
matical principles and generalizations stated by the teacher.

3. The teacher tells students whether their answers to .nroblems
in the "discussion" section of a lesson are right or wrong,
reiterates mathematical principles or generalizations that
can be used to solve the problems, and relates the problems
to others of the same type worked previously by the teacher.

4. The teacher writes the answers to problems in the "exercises"
section of a lesson on the chalkboard, identifies the mathe-
matical principle or generalization that can be used to solve
a particular problem, and directs students' attention to

problems of the same type which they have already solved.

5. The teacher gives no encouragement to students to think of
themselves as discoverers of mathematics.

6. When students check the truth or falsity of generalizations
with the teacher, the teacher states whether the generaliza-
tions are true or false but makes no attempt to explain why.

A sample lesson has been taken from the student manual of each
treatment group (Method D, Method E, and Method S) and is included in

Appendix B, p. 81 . This sample lesson illustrates many of the char-
acteristics both common and unique to the various methods.
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CHAPTER II

REVIEW OF THE RELATED LITERATURE

The present study compared three methods of teaching selected
mathematical content in eighth- and ninth-grade general mathematics
courses. As originally conceived, the problem and teaching methods
were only rough ideas lacking precise definitions. To define the
problem and teaching methods more precisely, to determine what research
has been completed on the problem or related problems, and to gain
ideas for solving the problem, the literature was surveyed. In this
chapter, the pertinent literature is reviewed in two sections: (1)

theoretical proposals relevant to the study, and (2) empirical research

relevant to the study.

In order to be included in the review, a theoretical proposal had
ti) satisfy the following criteria: (1) deal with instructional approaches

which concentrate on the amount of guidance or direction given the
learner in his efforts to discover, understand, or apply mathematical
principles, (2) be a possible source of hypotheses for empirical research,
(3) have an authoritative source, and (4) appear in the published liter-

ature since 1950. The year 1950 was selected because of the increased
znphasis on school mathematics and methods of teaching mathematics at
approzimately that date. Henderson (1S:3) compared many of the more
important theoretical proposals published prior to 1950, and a summary
of his findings commences the section on theoretical proposals.

An empirical study had to satisfy the following cirteria in order
to be included in the review: (1) be actual research rather than
personal opinion, (2) deal with methods of teaching mathematics or
methods of teaching which were differentiated by the amount of guidance
or direction given the learner, (3) have as one of its objectives the
assessment or comparison of the achievement effects of various teaching
methods, and (4) be completed in the last 25 years. A study reported
by Hendrix (1947) approximately 25 years azo seemed to be an appropriate
starting point for the following reasons: (1) the study by Hendrix
introduced a new concept in teaching mathematics--the concept of
" unverbalized awareness," (2) one of the methods used in the present
study, Method D, is very similar to the "unverbalized awareness" method
described by Hendrix, and (3) Hendrix' findings prompted subsequent
research on methods of teaching mathematics.

Theoretical Proposals Relevant to the Study

One source of theoretical proposals is the set of reports made by
various committees and conference groups. When Henderson (1963) compared



the methodological recommendations of several committees
1
who met prior

to 1950, he found a pervasive belief in

..."the efficacy of a methodological sequence in which the
teacher starts the students working informally with concrete objects
or ideals which they understand and then guides their activities and
thoughts so that they discover relations, principles, and pro-
cedures, rather than stating these relations, etc., as the
initial step in the sequence. (p. 1011)."

In 1959, the Secondary School Curriculum Committee of the National
Council of Teachers of Mathematics expressed a similar point of view
on instruction. The committee called for more emphasis on pupil
discovery and reasoning at all levels of instruction. In regard to
teaching methods which should be used with slow learners in mathematics,
the Committee proposed:

1. Generalizations, in order to be understood by the class,
must be preceded by many and varied concrete illustrations.

2. Frequent reviews in meaningful situations are necessary in
order to maintain a reasonable level of skill and understanding.

3. Laboratory techniques and manipulative devices should be
used freely (National Council of Teachers of Mathematics,
1959, p. 409).

During the summer of 1963, the Cambridge Conference on School
Mathematics was held to review school mathematics and to establish
goals for mathematical education. In its report, the Cambridge
Conference (1963) set forth several pedagogical principles and
techniques which it believed would be instrumental in reaching the
goals. For example, the report stated, "The discovery approach, in
which the student is asked to explore a situation in his own way,
is invaluable in developing creative and independent thinking in
the individual (p. 17)." The Conference advanced the notion that

1Renderson's comparison is based on the reports of the National
Committee on Mathematical Requirements (1921), the Joint Commission
of the Mathematical Association of America and the National Council
of Teachers of Mathematics (1940), the Committee on the Function of
Mathematics in General Education (1940), and the Commission on
Post-War Plans (1944, 1945).
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teachers should usually aid student discovery by introducing required

ideas when they are not forthcoming from the class, by bringing attention
to misleading statements in the way of discussion, and by summarizing

results clearly as they come forward. This should be done, the Conference

maintained, with a minimum of authority. The student should never

hesitate to state the results of his efforts, and half-formed ideas
should be uged as stepping stones to true statements.

Although the Cambridge Conference held discovery in high esteem
it pointed out that the development of independent and creative habits
of thought does not require the exclusive use of discovery methods.
The attainment of a reasonable rate of advancement in the curriculum
requires the use of discovery supplemented by a dialogue between
teacher and class, and the direct teacher presentation of material.
The Conference proposed the following balance between discovery and
direct teaching procedures, with the reservation that further experi-
mentation was needed before final decisions could be made:

In the earliest grades the discovery approach, teacher
aided, should dominate. By grade 7 most of the classroom
time will be occupied by more direct teaching procedures.
However, in these later grades; creative thinking and in-
dependence should be fostered extensively by the exercises
in school time and homework. A transition should take place
in the intermediate years (Cambridge Conference on School
Mathematics, 1963, p. 17).

In 1964, the U. S. Office of Education and the National Council
of Teachers of Mathematics jointly sponsored a conference whose pur-
pose was to consider the mathematical content and instructional needs

of low achievers in mathematics. In its report, the Conference on the
Low Achiever in Mathematics (Woodby, 1965) recommended a discovery-
laboratory approach in which the low achiever experiments with concrete
objects, records and organizes data, and then searches for mathematical

structure on a more abstract level. The report stressed the importance
of looking at the same mathematical concept in different ways, and
suggested that the teaching technique to be used depends on the concept
to be learned, the students involved, and the particular situation at

the moment.

Another source of theoretical proposals is the individual theorist

who is regarded as an authority. Bruner (1961), an advocate of discovery
approaches, pointed out the following benefits of learning by discovery:
(1) increase in intellectual potency, (2) a shift from extrinsic to
intrinsic rewards, (3) learning the heuristics of discovery, and (4)

the aid to memory processing. Increase in intellectual potency refers
to an increase in the ability of the individual to assemble material

sensibly. The intrinsic gratification of having found out something
for one's self is a benefit offered by discovery learning. The heuris-

tics of discovery are the attitudes and activities that go with

inquiry and research. Learning by discovery aids memory processing,
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Bruner claimed, by making material more readily accessible in the
memory.

Beberman (1962), in his description of the basic tenets of the
University of Illinois Committee on School Mathematics (UICSM),
set forth the notion that "the student must understand his mathe-
matics (p.4.)." The student will come to understand mathematics,
Beberman stated, when his textbook and teacher use unambiguous
language and when he is enabled to discover generalizations by
himself.

Although "discovery" is a basic principle in the UICSM program,
Beberman pointed out that it is unnecessary to require a student
to verbalize his discovery to determine whether he is aware of a
rule. Compelling the student to make an immediate verbalization of
what he discovers is ineffective, because the student may not have
the linguistic capacity to do so. The technique of delaying the
verbalization of important discoveries is characteristic of the
UICSM program, and differentiates the UICSM discovery method from
other methods which are called "discovery methods" but which involve
the immediate verbalization of discoveries.

It should not be inferred that the UICSM program believes verbaliza-
tion is unimportant in the learning of mathematics. Beberman explained,
"Verbalization is necessary, for example, in the many cases in which
a student believes that he has discovered a generalization, and wants
to show that it is a theorem (p. 28)." It is a "premature verbali-
zation" to which Beberman and the UICSM object.

The views of Hendrix (1961) on "delaying the verbalization of im-
portant discoveries" are similar to those of Beberman. Hendrix makes
a distinction between the discovery process itself and the process of
composing sentences which express the discoveries. According to
Hendrix, the learner experiences a "nonverbal awareness" stage in the
process of discovering a generalization. The nonverbal awareness stage
usually occurs during the learner's search for a short cut that can be
used to work a set of problems. The advent of awareness is usually
accompanied by a behavioral change in the learner such as a sudden
start or a flush of excitement. Insisting on a spontaneous verbali-
zation of what has been discovered belittles the accomplishment of
the actual discovery and can cause unnecessary frustration. Any
attempts at verbalizing the discovery are better postponed to a later
lesson, at which time the linguistic formulation of things already
"known" can be undertaken as an end in itself. Hendrix concluded
by stating, "It is recognition of the nonverbal awareness stage in
inductive learning that converts the classroom experience into that
of actual discovery, the kind of thing that promotes a taste for
and a delight in research (p. 298)."
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Lawry (1967) stated that there is strong research support for two
major outcomes usually attributed to learning by discovery: better
retention and greater potential for transfer. However, according to
Lowry, discovery-type teaching does not appear to be as efficient as
certain kinds of expository-type teaching in attaining immediate goals
or in the rate at which content is encountered.

Fehr (1967), in his interpretation of research findings for class-
room teachers, reported that for some students some methods of teaching
are more effective than others. To illustrate his point, he stated
that students will learn algebra whether it is taught by a verbalized,
abstract, deductive method or by an experential, nonverbalized, concrete,
inductive method. But for students with an IQ of 117 or higher, there
is a significant advantage in the inductive, experential approach.
Those students who study under this method, Fehr asserted, develop far
greater skill in operation, greater understand:.3 of concepts, and have
longer retention of the knowledge learned than students of the same
mental ability taught under the traditional "tell and do" method.

Some theorists have offered proposals concerning the advantages of
giving guidance in discovery learning. One such theorist is Gagne
(1966) who claimed that guided discovery has the advantages over un-
guided discovery of reducing the necessity for search and eliminating
the most.extreme wrong hypotheses.

Another such theorist.is..Craig (1953), who expressed the belief
that adults of all ability levels benefit from clues that help them
discover the bases for making correct responses to situations. The
more guidance of this type they receive, the more errors they avoid
While learning, and the more learning they transfer to similar situa-
tions. Craig's proposals. are not to be-construed as meaning that .

correct responses should be mechanically specified in advance. He
is advocating the liberal use of guidance of learner activity as an
aid in promoting efficient discovery.

Cronbach (1965) suggested that the learner's individual character-
istics and the type of material to be learned are important factors in
trying to determine the_cogaitive significance of discovery. Cronbach
alleged that the greater the learner's maturity, relevant concrete
experience, and command of symbolic systems, the less he would profit
from the experience of discovery. Knowledge that can be verified
experimentally or by its internal consistency would, in Cronbach's
opinion, be more appropriate for discovery than knowledge that is
conventional or factual-descriptive.



In another article, Cronbach (1966) expressed the belief that
inductive teaching is rarely superior to other meaningful teaching
for putting across single generalizations. The idea of an inter-

action between pupil characteristics and the discovery variable
was again set forth. Believing that the interaction may have more

to do with personality than ability, Cronbach stated:

I am tempted by the notion that pupils who are nega-
tivistic may blossom under discovery training, whereas
pupils who are anxiously dependent may be paralyzed by
demands for self-reliance (Cronbach, 1966, p. 90).

The beliefs of Ausubel (1961) are in contrast to several of those
reviewed above, particularly in regard tc, the merits of learning

by discovery. Ausubel expressed doubt that 'learning the heuris-
tics of discovery" in a specific discipline has as much transfer-
ability across disciplinary lines as Bruner (1961) claimed.
Placing more value on verbalization as an aid to transfer than
Beberman (1962) and Hendrix (1961), Ausubel stated,

...Verbalization does more than attach a concenient symbolic
handle to an idea; it is, rather, part of the very process of
thought itself and makes possible a qualitatively higher, more
precise, more general, and more transferable type of under-
standing ( Ausubel 1961, p. 55).

Because of its serious time-cost disadvantage, Ausubel proposed
that learning by discovery is not a feasible method of teaching
subject matter content, except in two cases: (1) when the learner

is in the concrete stage of logical operations and is dependent
both on concrete empirical props and on a preliminary phase of
intuitive, subverbal insight for the learning of complex abstractions,
and (2) when the learner is an older individual trying to learn a
difficult new discipline in which he is as yet very unsophisticated.

Kinsella (1965) built a strong case for teaching procedures
which involve a mixture of student discovery ae_ :eacher exposition.

He pointed out that contemporary school mathematics programs have

the student's understanding as their primary objective, just as did

the better teachers in older programs. Exclusive use of discovery

techniques will not guarantee the attainment of understanding. Nor

will 'show-and-do methods," which emphasize "how" to perform mathe-

matical operations. The "mix" advocated by Kinsella was expressed

as follows:

Teaching for understanding requires not only the acquisition
of meanings and skills but also the provision of abundant and
varied experience in relating and organizing the understandings

already achieved. An emphasis on explanation, reasoning, and
problem-solving is necessary, too, for the development of new
understandings (Kinsella, 1965, p.82).
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Rosskopf (1953) proposed a program of mathematics teaching which

he maintained would develop 1.11e largest possible transfer of training.

During the initial, or "understanding," stage, the teacher should be

satistifed with students being able to solve tasks that require use

of a concept. Neither students nor teacher should attempt to verbalize

the concept at this stage, but this does not imply that verbalization

by a particular student should be discouraged.

Following the "understanding' stage, students should be furnished

enough practice so that they will have an opportunity to reorganize or

reconstruct experiences in terms of the concept involved. If the con-

cept is one that is a routine part of larger problems, the practice

should be of the stimulus-response type. In such a case, drill has a

definite place in a program of mathematics teaching. For those students

who progress to higher levels of mathematics study. Rosskopf recom-
mended that they learn to verbalize principles that are appropriate
to their level of progress.

As far as general mathematics courses are concerned, Rosskopf
expressed the belief that teaching for understanding and for formation
of concepts should be paramount. The means of instruction in such
courses should be discovery and exploration through many examples

that use the same concept, followed by applications of the non-
verbalized concepts to new problems.

The theories discussed above represent the diverse opinions found
in the literature. An important function of theories is the influence
they have on the empirical research attempted. The next section is

devoted to a review of empirical studies.

Empirical Research Relevant to the Study

One of the earlier studies which is related to the present study

was done by Hendrix (1947). The problem studied was, "To what extent,
if any, does the way in which one learns a generalization affect the
prthability of his recognizing 4 chance to use it (p.197.)"

In the first observation of the experiment, three groups of college
students were formed and the same mathematical generalization was taught
to each group by a different method. The procedure used to constitute
the three treatment groups, such as matching or random assignment, was

not reported. One group discovered the generalization independently
and left it unverbalized, another group discovered and verbalized the
generalization, and the third group had the generalization stated
and illustrated for them.
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About two weeks later, the groups were given a test containing
several items which could be readily answered by anyone who recognized

a chance to use the generalization but which could also be answered,

though more laboriously, by counting or adding. The "unverbalized
awareness" group (the first group mentioned above) scored significantly

higher at the .12 level. At this level the null hypothesis would
not ordinarily be rejected, but a possible real difference id

suggested. The lowest transfer effects came from the group who had

the generalization stated and illustrated for them. The group who

discovered and verbalized the generalization ranked between the

other two on the transfer test.

Several months later Hendrix repeated the experiment twice,
once with eleventh- and twelfth-grade boys and once with college girls.
In each of these replications, the order of effectiveness of the
methods was the same as in the initial experiment. The results

suggested the following hypotheses to Hendrix:

1. For generation of transfer power, the unverbalized aware-
ness method of learning a generalization is better than
a method in which an authoritative statement of the generali-

zation comes first.

2. Verbalizing a generalization immediately after discovery
does not increase transfer power.

3. Verbalizing a generalization immediately after discovery
may actually decrease transfer power (Hendrix, 1947,p. 198).

Hendrix concluded from her study that symbolic formulation is

not the key to transfer. The key to transfer is a "subverbal, inter-
nal process, something which must happen to the organism before it
has any new knowledge to verbalize (Hendrix, 1947, p. 200)."

In 1956, Sobel reported a study whose purpose was "to discover
whether or not there is any relationship between the learning of
certain algebraic concepts and their method of presentation (p. 425)."

Two methods of presenting elementary algebraic concepts were compared.
The "experimental method" was a concrete, nonverbalized, inductive
method with students guided through experiences involving applications
to discover and verbalize concepts. The "control method" was an
abstract, verbalized, deductive method with concepts defined and
presented by the teacher, followed by practice exercises.

Sobel formulated the following research hypotheses:

1. The experimental method of teaching will produce results which
are significantly superior to the control method on a test

which is designed to evaluate certain algebraic concepts.
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2. This superiority will also be evidenced on a test which
evaluates certain fundamental algebraic skills.

3. Both the concepts and skills will be retained better by the
students taught through the experimental procedure (Sobel,
1956, p. 426).

Fourteen intact ninth grade algebra classes whose teachers indi-
cated a willingness to take part in the study constituted the sample.
Seven of the classes were assigned to each method, although it was
not indicated whether the assignment was random. Each class was
taught by a different teacher with the one exception in which a
teacher taught two experimental classes. An attempt was made to
assure reasonable equality between the two groups of teachers in-
sofar as ability and experience were concerned. The experimental
teachers were given a special manual to guide their development of
the concepts and skills ,and the control teachers used the development
found in their textbooks.

After four weeks of instruction, an immediate posttest was given
to each of the participating classes. An equivalent form of the
immediate posttest was administered as a delayed posttest three
months later. The data analysis on each posttest revealed that for
high IQ students (IQ above 110) the experimental method was superior
to the control method for attainment and retention of concepts and
skills. The difference was significant at the .05 level. For average
IQ students, no significant difference was found between the two methods.
Although Sobel's methods and criterion measures differed from those
of Bandrix (1947), it is worth noting that in both studies students
who learned by less-directed methods performed at least as well or
better on delayed posttests.

Nichols (1956) compared two approaches to the teaching of selected
topics in plane geometry to high school freshmen. The purpose of the
study was "to assess the effectiveness of learning certain geometric
topics as related to the method by which they are taught (p. 2107)."
The "dependence" approach, which Nichols classified as "deductive,"
stressed teacher statement of assumptions, theorems, definitions,
and principles for students. The "structured search" approach,
considered by Nichols to be "inductive," emphasized student dis-
covery of relationships through a series of concrete experiences with
drawings of geometric figures and through mensuration.

Two groups of 21 students each were formed so that the subjects in
each group were matched on the criterion test score, IQ, sex, and
age. The procedure used to assign the approaches to the groups was
not reported. Each group was taught by three teachers, but the length
of the instructional period was not indicated. Method effectiveness
was assessed in terms of amount of growth in knowledge of vocabulary,
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critical thinking ability, ability to solve problems, and funda-

mental skills, as measured by the criterion test. On the basis

of the obtained data, Nichols concluded that the structured

search approach and dependence approach were equally effective in

terms of the cirterion test in teaching plane geometry to high

school freshmen of average and superior intelligence.

In a recent study, Neuhouser (1965) compared three methods

of teaching a unit on exponents t) eighth grade students. The

methods were described as follows:

Method A was essentially the statement of a rule, a

rationale for the rule, illustrations, and examples for

the student to work. Method B and C were discovery methods.

Method B contained no verbalization of rules, while in

Method C the subject was helped to make a statement of the

rules after discovery (Neuhouser, 1965, p. 5027).

Programmed instruction was used to carry out all three methods.

Approximately 40 students were randomly assigned to each treatment

group. A pretest revealed that the subjects had no pre-experi-

mental knowledge of the rules for exponents.

At the beginning of Neuhouser's experiment, the treatment

groups were compared on the bases of IQ scores, scores on mathe-

matics and reading achievement tests, and first semester mathe-

matics grades. No significant differences were found among the

groups on these measures. Upon completion of the unit, the three

methods were compared using four different posttests. The methods

were also compared on the amount of time taken by each subject

to complete the unit. The principal conclusion was that "students

taught by a nonverbal directed discovery method probably take no

longer to learn, have at least as much manipulative ability, more

understanding, more ability to transfer, and much more retention

than students taught by a nondiscovery method (p. 5027)."

Howitz (1966) compared a guided discovery method of teaching

new course content with a conventional method of teaching conventional

content in ninth grade general mathematics. The sample consisted

of 12 ninth grade general mathematics classes in four schools.

The treatments were randomly assigned to classes, so that six

classes were taught by each method. Six teachers took part in

the study, each teaching both an experimental class and a control

class.

The experimental treatment was characterized by a guided dis-

covery approach in which students were led through a series of

planned questions to discover mathematical 3eneralizations. The

control treatment was characterized by expository methods and

involved no discovery. A contemporary text, Experiences in
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Mathematical Discovery, was used in experimental classes, while a
more conventional text, Refresher Arithmetic, was used in control
classes.

The study ran the entire academic year 1963-64. When mathemati-
cal achievement was measured by the Sequential Tests of Educational
Progress, no significant difference was found between treatment
groups. However, when achievement was measured by a test based on
the content of Experiences in Mathematical Discovery, the experi-
mental group scored significantly higher-.

In 1966 Price reported a study with the following purposes:

1. To define and categorize various aspects of discovery.

2. To prepare sample lessons which make use of the above
defined dimensions of discovery.

3. To conduct an experiment using the above materials to determine
the effect of discovery methods on the achievement and
critical thinking abilities of students so taught (Price,
1966, p. 5304).

In order to carry out the experimental phase of Price's study,
three classes in tenth grade general mathematics were randomly
selected from a general mathematics population in a large city high
school. One class was taught the conventional course of study through
a textbook-lecture method. A second class was taught material similar
to that used in the first class, but specially prepared discovery
lessons were used. The third class used the same materials as the
second class together with specially prepared transfer lessons. The
transfer lessons were used to promote certain selected aspects of
critical thinking. All three classes were given pretests to deter-
mine their achievement in mathematics, their mathematical reasoning
power, their inductive reasoning power, and their critical thinking
abilities.

After approximately fifteen weeks of instruction in its assigned
method, each class was given posttests in each of the areas listed
above. The final testing group consisted of 18, 22, and 23 students
in the first, second, and third classes respectively. The discovery
groups showed no significant gains over the lecture group in mathe-
matical achievement as measured by a standardized test. However,
differences in mathematical reasoning and inductive reasoning power,
as well as positive attitude change toward mathematics, were in favor
of the discovery groups. The general conclusions was that "the use
of techniques to promote student discovery of concepts made a better
teaching and learning situation (p. 5305)."
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A current study on discovery and expository sequencing in elemen-
tary mathematics instruction was conducted by Worthen (1967). The
problem was "to describe and compare two instructional methods in a
naturalistic setting where the learning tasks and time sample approxi-
mated normal classroom conditions (p. 45)." The methods compared
were classified as "a discovery method" and "an expository method."
In the discovery method used in Worthen's study, verbalization of
each concept or generalization was delayed until the end of the
instructional sequence by which the concept or generalization was

to be taught. In the expository method used in Worthen's study,
verbalization of each concept or generalization was the initial step
in the instructional sequence by which the concept or generalization
was to be taught. It was hypothesized that the discovery method
would produce superior results on retention and transfer tests in
the selected mathematical concepts, on tests for transfer of
heuristics, and on measures of attitude toward arithmetic.

The subjects in Worthen's study were fifth- and sixth-grade
pupils in 16 classes from eight elementary schools. Eight teachers,

one from each school, were selected on the basis of mathematical
and general teaching competence, experience, and willingness to
participate in the project. The selection of the teachers determined
the selection of the sample since the subjects were pupils in the
established classes of the teachers. Worthen's design called for
the same content to be taught in each class for a two-month period
prior to the study.

Although the procedure used to assign methods to classes was
not reported in detail, Worthen did report that no significant
differences were found 'tietween the treatment groups on pre-treat-

ment measures including IQ, arithmetic computation skills arithmetic
problem solving ability, prior knowledge of the selected mathematical
concepts, and pupil perception of teaching behavior. However, a
significant differeqce was found between the discovery and expository
groups on prior attitude toward arithmetic. Pupils in the expository
group demonstrated significantly better attitudes toward arithmetic

than pupils in the discovery group.

During the instructional period, four subsections of a concept
knowledge test were administered at the completion of the corresponding
subsection of the instructional materials. After the six-week in-
structional period, tests of concept transfer, transfer of heuristics,

and pupil attitude toward arithmetic were administered. A concept
retention test was administered twice to both treatment groups, once
five weeks after instruction and once eleven weeks after instruction.

On the concept knowledge test, the expository group performed
significantly better than the discovery group. However, the discovery

group performed significantly better on the concept retention test

and on the heuristics transfer tests. The discovery method also

seemed to produce superior transfer of mathematical concepts, although
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Worthen stated that this finding was somewhat tenuous. The results

yielded by the attitude measures indicate. no significant difference
in the two treatments. Although one of the major criticisms of dis-

covery approaches has been that they are inherently more time con-
suming than expository approaches, Worthen's study revealed no support

for such claims.

As a result of his findings, Worthen listed the following impli-
cations for educational practice:

1. To the extent that pupil ability to retain mathematical
conrpts and pupil ability to transfer heuristics of
problem solving are valued outcomes of education, dis-
covery techniques of teaching should be an integral part
of the methodology used in presenting mathematics in the

elementary classroom.

2. To the extent that immediate recall is a valued outcome of
education, expository instruction should be continued as
the typical instructional practice used in the elementary

classroom.

3. The present study also suggests that pupils' ability to
transfer concepts will likely be increased in proportion
to the degree to which discovery techniques are used in
the classroom (Worthen, 1967, p. 58).

The studies cited so far in this review have, for the most part,
either claimed the superiority of discovery approaches involving
little or no guidance, or have claimed that no significant differences
existed between such discovery approaches and other methods of teaching.

There is evidence 1 the literature that methods providing more
guidance to the learner might result in superior mathematical achieve-
ment. -

Michael (1949) studied the relative effectiveness of two methods of

teaching ninth grade algebra. Method A, which Michael called "inductive,"
stressed student discovery of fundamental principles and relationships.
Method B, called "deductiva," emphasized the use of authorative state-
ments of rules with extensive practice or drill.

The cooperation of fifteen ninth grade algebra teachers was en-
listed, and one intact class per teacher was used in the study without
any shifting or reassignment of students in an effort to match groups.

The procedure used to assign methods to classes was not reported.

Three instruments constructed by Michael served as both pretests
and immediate posttests to measure computation, generalization, and

attitudes. Although the same basic textbook was used in both treat-
ment groups, the method of presentation varied according to the specific
instructions for each teaching method. The length of the experimental
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period was not reported, but it was indicated that it differed from
class to class.

The data provided by the computation posttest revealed that the
two methods produced approximately equivalent gains in the area of
computation with the exception of the process of multiplication, in
which Method A produced significantly greater gains. The results
from the generalization test were significantly in favor of the
deductive procedures of Method B. Neither method produced signi-
ficant changes in the attitudes of the students toward mathematics
in general. The over-all results of the study tended to favor the
deductive procedures of Method B. It should be noted that no
delayed posttest or retention test was given. The findinga of
Hendrix (1947), Sobel (1956), and Worthen (1967), suggest that students
taught by Method A may have performed better on a delayed posttest
than those taught by Method B.

Craig (1952) conducted an experiment to collect evidence on "the
transferability of guided learning to tasks of different levels of
difficulty and to study changes in dependence of transfer on initial
ability that may be brought about by increasing the amount of guidance
in discovery of the bases determining correct responses (p. 582)."

Four groups of recent college graduates, each group consisting
of 50 men, were equated for initial performance on the learning
material. The learning material consisted of verbal items which
required the learner to select one word in a group of five which
did not belong with the others. The four groups received different
amounts of guidance in the form of cues, clues, and information about
the relationships determining correct responses. A test based on
the same principles of item organization employed in the learning
materials was used as a pretest and as a posttest to measure transfer.

Among the conclusions reached by Craig were the following:

1. Irrespective of the difficulty level of the items to which
transfer is measured, the amount of transfer or training
increases as more and more clues are provided to aid dis-
covery of the bases for correct responses.

2. In transfer as in learning, the average effectiveness of
guidance by grouping situations according to common organi-
zational principles, with or without information concerning
the nature of the grouping, is increased several times by
supplying learners with short statements of the common
principles determining the grouping (Craig, 1952, p. 582).

The implications of Craig's research for mathematics teaching are that,
in addition to organizing mathematical materials to be learned, the
teacher should be liberal with suggestions designed to aid discovery
of the principles of the organization.
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In a later study, Craig (1956) attempted to "determine the effect

of directing learner's discovery of established relations upon retention

and the ability to discover new relations (p.233)." Craig hypothesized

that increased direction of discovery activity brings about increases

in learning without accompanying losses in retention or transfer.

The subjects for the experiment were two groups of 53 college

students each, with the subjects being randomly selected from Craig's

education courses during one semester. The groups were given a

differential amount of direction to help them discover the bases for

the solution of a series of learning situations. The learning situations

involved selection of one word from a set of five which did not belong

with the other four.

Three days following the 33-day learning sequence, a posttest
for knowledge of relations and a posttest for measuring post-training

ability to discover and use unlearned relations were administered. The

group which received the greater direction, including short summary

statements of the bases determining correct responses, learned more

relations than the more independent group. The two groups improved

about equally in their ability to solve problems organized upon

unlearned bases. Craig advanced the following implications:

This evidence indicates that teachers and experimenters
should be liberal with information designed to assist learners

in their discovery of principles. Large amounts of external

direction now may help to insure that the learner will have an

adequate background of knowledge to direct his future discovery

( Craig, 1956, p 234).

Kitten (1957) conducted an experiment whose purpose was "to

determine the relative effects of three amounts of direction to

learners in their discovery of established principles on transfer

to differing situations and on retention of learned principles

(p. 403)."

The sample consisted of 132 sixth-grade pupils who were randomly

assigned to three treatment groups using a stratification based on high,

medium, and low reading achievement classifications. The three treat-

ments were differentiated by three different combinations of clues to

the principles determining correct responses to five-word items having

four words related by a principle and one word which did not belong.

In the "Minimum direction" treatment, three items were grouped together

and separated from other groups of items by spacing. Students in the

Minimum group were told that each group of three items was based on

an underlying principle, but a verbal statement of the principle was

not given. In the "Intermediate direction" treatment, students were

provided with all the information supplied the Minimum group plus a

verbal statement of the principle involved. The "Maximum direction"

treatment provided students with all the clues given the Intermediate

24



group plus oral statements of the three correct responses for
each group of items. Each treatment group was pretested prior
to the training period with a test designed to measure knowledge
of the principles.

After a five-week training period, posttests designed to
measure knowledge, transfer, and retention of the principles
were administered. The results indicated that the group receiving
an Intermediate amount of direction learned and transferred
as many or more principles than the groups receiving less or
more direction. The group receiving an Intermediate amount of
direction also retained a greater proportion of the learned
principles than the other two groups.

Kittell stated that the following implications for learning -
teaching situations were suggested by his experiment:

1. In addition to organizing the materials used in learning,
teachers should aid pupil discovery by suggesting meaning-
ful relationships on which learners may base discovery
and by providing practice with those relationships.

2. Providing statements of underlying relationships without
specifying answers fosters learning, retention, and
transfer to different situations (Kitten, 1957, p. 403).

The final study to be reviewed was conducted by Kersh (1958).
Kersh compared three methods of learning arithmetical rules to
determine if "meaningful learning" was an adequate explanation
for the superiority of learning by independent discovery.

The sample consisted of 48 college students from two sections
of an Educational Psychology course who volunteered for the study.
An equal number of students were randomly assigned to each of
three treatment groups. One group of students, called the "no-
help" group, was required to discover the arithmetical rules with-
out help. A second group, called the "direct-reference" group ,
was given some direction in the form of perceptual aids, with
accompanying verbal instructions which directed their attention
to the perceptual aids. The third group,called the "rule-given"
group, was told the rules directly and was given practice in
applying them.

At the end of the learning period, which lasted a maximum of
90 minutes for each student, the "rule-given" group demonstrated
superior ability to apply the rules to solve specific addition

problems. However, after one month, the "no-help" group was
superior to both of the other groups.

25



Kersh concluded that the motivation given to the "no-help" group
to continue their efforts to learn and practice the rules was a more
adequate explanation of-their superior performance on the delayed
posttest than any explanation in terms of "meaningful learning." Of
particular interest is the fact that the more-directed method resulted
in superior performance on the immediate posttest, whereas the less-
directed method resulted in superior performance on the delayed posttest.

Summary of the Literature Review

The efficacy of various methods of teaching mathematics has been
the subject of numerous theories and empirical studies. The theoreti-
cal proposals of committees, conference groups, and individual
theorists have ranged from enthusiastic recommendations for independent
student discovery to recommendations for extensive guidance and
direction by the teacher. Lees - directed approaches are purported
to develop greater understanding,. creative and independent thinking,
increases in intellectual potency; intrinsic rewards, training in
the heuristics of discovery, and aids to memory processing. More-
directed methods are purported to reduce the needs for independent
search, eliminate wrong hypotheses more effectively, and take less
time than less-directed methods.

Empirical studies have not offered decisive evidence for the
superiority of any one particular method of teaching mathematics.
Henderson (1963) offers two reasons for the current state of indecisive-
ness concerning the relative effectiveness of teaching methods:

One is that there have not been enough studies sampling
the domains named (subject matter, teachers, students, schools)
to generate much confidence in the findings. The second is
that the findings are not always consistent even for a parti-
cular domain (Henderson, 1963, p. 1025).

Drawing upon the theoretical proposals and empirical research
which have been reviewed, the present study was designed in an effort
to resolve some of the contradictions found in the literature. The
decision to include in the present study a method (Method D) having
many of the characteristics of "unverbalized awareness" approaches
was influenced by the theories of Beberman (1962) and Hendrix (1961),
and by the research of Hendrix (1947), Sobel (1956), and Neuhouser
(1965). The major contribution of Hendrix' (1947) study to the
present study was the description and preliminary evaluation of an
"unverbalized awareness" approach. The studies by Sobel (1956) and
Neuhouser (1965) were more closely related to the present study in
that they were conducted with eighth- and ninth- grade classes under
classroom conditions. However,. the present study used a larger sample
than either of these studies and used a procedure for assessing the
extent to which teachers did, in fact, teach by the prescribed methods.

26



The decision to include a method (Method E) with some of the
characteristics of discovery approaches together with statements of
the principles following a teacher-student development was influenced
by the theories of the Cambridge Conference on School Mathematics
(1963), Craig (1953), Gagne (1966), Kinsella (1965), and Rosskopf
(1953), and by the research of Howitz (1966), Worthen (1967), Craig
(1952, 1956) and Kitten (1957). The present study was most closely
related to the studies by Howitz (1966) and Worthen (1967). In
Howitz' study, content and method were confounded. Worthen controlled
mathematical content for a two-month period prior to his experiment,
but method of presentation was allowed to vary. In these respects,
the present study differed from the studies of Howitz and Worthen.
As pointed out in Chapter I, content was held constant in the present
study while methods vary, and all participating classes were taught
by the assigned experimental methods for an eight week period during
thestudy.

The theories of Cronbach (1965) and Ausubel (1961) cast sufficient
doubt on the notion that discovery appraoches are inherently superior
to more-directed approaches to include a method (Method S) in the
present study which emphasized teacher statement and application of
mathematical principles as the initial steps in teaching new principles.
The research findings of Michael (1949) and Nichols (1956) also influ-
enced the decision to include Method S in the present study. The
small treatment groups (21 students each) used by Nichols and the failure
of Michael to administer a delayed posttest constituted the major
differences in these studies and the present study.
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CHAPTER III

PROCEDURES

Briefly, the procedures were as follows. Eighteen classes
(approximately 400 students) were randomly assigned to three treat-
ment groups--six classes per group. Each treatment group was
taught three self-contained instructional units by its assigned
method. Making statistical adjustments for initial differences in
IQ, general mathematical achievement, and unit pretests among treat-
ment groups, treatments were compared using unit immediate posttests
and delayed posttests as criteria.

Sub ects

Subjects were eighth and ninth grade general mathematics students.
Through contacts with administrators and teachers in two Georgia public
schools (designated 'School e and "School B"), the cooperation of
seven general mathematics teachers was obtainAd. These teachers made
available a total of 18 classes (approximately 400 students), 12 at
the eighth grade level and 6 at the ninth grade level. On the basis
of performance on the Arithmetic Concepts subtest of the Stanford
Achievement Test and the Otis Quick-Scoring Mental Ability Tests,
all participating classes were average or below average in general
mathematical achievement and scholastic aptitude.

Treatments were randomly assigned to classes so that (1) each
treatment was assigned to six classes--four eighth grade and two ninth
grade, (2) each teacher taught by exactly two methods, (3) all three
methods were used in both schools, and (4) each method was used in
both morning and afternoon classes. Following the assignment of treat-
ments to classes, each class was assigned a code number 1 through 18.
Classes 1 through 6 were Method D classes, Classes 7 through 12 were
Method E classes, and Classes 13 through 18 were Method S classes.

Subjects who failed to take the unit pretest or one of the post-
tests for any given unit were dropped from the data analysis for that
unit. The number of students used in the analysis for Units 1, 2, and
3 were 392, 411, and 406,respectively.

Teachers

As stated above, seven general mathematics teachers participated
in the study. These teachers were assigned code numbers 1 through 7.
Table 1 shows for each class the code number of the teacher who taught
the class, the school, the grade level, and the number of students in
the class who completed each unit.
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TABLE I

FOR EACH CLASS: THE CLASS CODE NUMBER, TEACHFR, SCHOOL, GRADE LEVEL,

AND NUMBER OF STUDENTS WHO COMPLErT) EACH UNIT

Code Numbers Grade Number of Students Who
of Classes in Teacher School Level Comples:ed Each Unit
Treatments Unit 1 Unit 2 Unit 3

Method D
(Classes 1-6)

1 2 A 9 13 21 21
2 3 A 9 15 18 15
3 3 A 8 21 23 22
4 4 A 8 22 20 22
5 5 B 8 24 23 24
6 6 B 8 30 29 28

Method E
(Classes 7-12)

7 1 A 8 23 23 20
8 1 A 9 26 27 26

9 1 A 8 19 21 22
10 3 A 9 17 25 24
11 6 B 8 19 18 17
12 7 B 8 25 25 25

Method S
(Classes 13-18)

13 1 A 9 22 23 22
14 1 A 8 26 22 27
15 2 A 9 14 20 17
16 4 A 8 25 22 22
17 5 B 8 30 30 32
18 7 B 8 22 21 20

Table 2 shows, along with information on background and experience
the pair of methods used by each teacher. Five different teachers used
Method D, four used Method E, and five used Method S. The teachers
within each treatment group held approximately equivalent college degrees,
and all were certified in mathematics. In terms of the number of years
of teaching experience in mathematics only, teachers in Methods D and S
were more experienced than teachers in Method E. The teachers from
School B were participating in an NSF in-service institute at the time
of the study and were given an opportunity to become familiar with the

Experiences in Mathematical Discoverer (EMD) units as part of the insti-
tute course requirements.
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.

CODE NUMBER, TEACHING METHODS, SEX, COLLEGE DEGREE, AREAS OF CERTIFICATION

AND YEARS OF TEACHING EXPERIENCE OF EACH TEACHER

Teacher
Code
'Number

Teaching
Methods

Used

School Sex College
Degree

Areas
of

Certification

Number of Years Teaching
Experience

Total Mathematics Only

1 E & S A Male . B.S. Mathematics,
Physical Edu-
cation

4 2

2 D& S A Female B.S. Mathematics 5 5

3 1) & E A Male B.A. Mathematics 1 1

4 D& S A Female B.S. Mathematics 3 3

5 D& S B Female B.S. Mathematics 8 8

6 D& E B Female B.A. Mathematics 2 2

-7 E& S B Female B.S. Mathematics 2 1



In order to train the participating teachers in the experimental
methods, two training sessions were held prior to the instructional
phase of the study. The training sessions consisted of discussion of
the major components of each experimental teaching method, demonstra-
tions of each method, and special instructions pertaining to the
administration of the testing instruments. A. written description of
the major components of each method was given to each teacher to serve
as a reference during the study. Three additional training sessions
were held, one during each unit.

Instructional Materials

In trying to select appropriate mathematics content for accomplishing
the purpose of this study, several sets of published materials were
reviewed. The series of units Experiences in Mathematical Discovery (EMD),
published in 1966 by the National Council of Teachers of Mathematics,
was considered particularly appropriate. The EMD units were designed
for use by ninth grade general mathematics students, and a study by
Howitz (reviewed in Chapter II) demonstrated their effectiveness.
Four of the units--"Formulas, Graphs and Patterns," "Properties of
Operations with Numbers," "Mathematical Sentences," and "Geometry" --
provided the basis from which content was selected to write the
instructional materials for the present study. Prior to the writing of
the materials, permission was received from the National Council of
Teachers of Mathematics to modify the EMD units. (See the letters of
correspondence in Appendix A, p. 78.)

Content selected from the EMD units was rewritten to conform to
the definitions of the three teaching methods--Method D, Method E, and
Method S. The resulting materials for Method D were presented as
three separate units--Unit 1, Unit 2, and Unit 3. The same procedure
was followed with the Method E and Method S materials. This procedure
made possible a comparison of the three treatment groups at the
completion of each unit.

Each student was furnished a set of instructional materials. The
materials provided spaces for the student to record his name, and his
responses to the questions in each lesson. Each unit contained nine
lessons and most classes moved at the rate of one lesson per day.

The instructional materials were typed on off-set masters and
reproduced in quantity using the off-set duplicating facilities at
the College of Education, University of Georgia. Approximately 500
sets of materials were duplicated and delivered to the participating
classes. Upon completion of instruction, the materials were returned
to the experimenter.

Each teacher who participated in the present study was furnished
a special set of instructional materials for each of his assigned
teaching methods. The teacher's materials were identical to the student
materials with the added feature of guiding statements which indicated
how each section should be taught in order to stay within the defini-
tions of the prescribed teaching methods.

31



Instruments

The following instruments were used in the study:

1. The Arithmetic Concepts subtest of the Stanford Achievement
Test, Advanced Battery, Form X

2. The Beta Test of the Otis Quick-Scoring Mental Ability Tests,
Form EM

3. Unit 1 Pretest, Immediate Posttest, Delayed Posttest, Student
Rating Scale, and Observer Rating Scale.

4. Unit 2 Pretest, Immediate Posttest, Delayed Posttest, Student
Rating Scale, and Observer Rating Scale.

5. Unit 3 Pretest, Immediate Posttest, Delayed Posttest, Student
Rating Scale, and Observer Rating Scale.

6. Dutton's "Attitude Toward Mathematics" Scale

7. Fundamental Concepts in Arithmetic

The Arithmetic ,Concepts subtest of the Stanford Achievement Test
was selected for the following reasons: (1) the test provides a
measure of student achievement in arithmetic concepts which are
commonly accepted as desirable outcomes of the elementary curriculum,
(2) national norms are available for the test, and (3) the test has
been used in other experimental studies and has been accepted by
many researchers as a valid and reliable instrument.

The Beta Test of the Otis Quick-Scoring Mental Ability Tests was
selected for the following reasons: (1) the test provides a measure
of mental ability from which an IQ can be drived, (2) national norms
are available for the teat, and (3) test data for the students in one
of the participating schools:were available through the school's testing
program.

Instruments listed in 3-5 above were constructed by the experimenters
for use in the study.

Dutton's "Attitude Toward Mathematics" scale was selected for
the following reasons: (1) the scale provides an objective measure
of attitude toward mathematics, (2) the scale is appropriate for use
by teachers and students, and (3) the scale has a high reliability
coefficient (0.94) although it consists of only 15 items.

Fundamental Concepts in Arithmetic was selected to measure
teacher understanding of arithmetic prior to the study.



Arithmetic Concepts Subtest of the Stanford Achievement Test

Administering the Arithmetic Concepts subtest of the Stanford
Achievement Test made it possible to appraise the average achievement
level of each participating class, as well as to determine the
approximate percentile rank of each class in terms of national norms.
Performance on this test was not treated as a covariate in this data

analysis.

The Arithmetic Concepts subtest, one of three arithmetic tests in
the Advanced Battery of the 1964 Stanford Achievement Test, is
designed for use from the beginning of Grade 7 to the end of Grade 9.
The test consists of 40 multiple-choice items, allows a working time
of 25 minutes, and is scored objectively. The test yields a single

raw score which can be translated into a grade score, percentile

rank or stanine. In constructing the test, the authors sought to
insure content validity by examining courses of study and textbooks
to determine what concepts should be measured.

The test has a reported Kuder-Richardson Formula 20 reliability
coefficient of 0.87 in Grade 8.6, and 0.88 in Grade 9.6. These

values are based on a sample of 1000 cases for each grade drawn
randomly from 76 school systems. The reported error or measurement

at Grade 8.6 is 8.0, and at Grade 9.6 is 9.5 (Stanford Achievement
Test, 1964, p. 11).

Bryan (1965), in a review of the arithmetic tests in the Advanced
Battery of the 1964 Stanford Achievement Test, stated,

"The Advanced Battery reflects more than the other batteries
the influences of contemporary changes in the mathematics curri-
culum particularly in Test 5, Arithmetic Concepts, where the
following topics are tested: divisibility, short cut computation
by factoring, commutative and distributive properties,prime numbers,
and numerations in other bases (p. 118)."

Bryan concluded by stating,

..."In providing a measure of that phase of
mathematics curriculum known by the general
1964 Stanford Achievement Test continues to
tests of its kind (p. 118.)"

the traditional
term "arithmetic," the
be oustanding among

The Arithmetic Concepts subtest was administered to all partici-
pating classes by their respective teachers in November, 1967.
Students marked their answers on IBM 1230 answer sheets, and the
sheets were hand scored during December, 1967.
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Beta Test of the Otis Ouick- Scoring Mental Ability Tests

The Beta Test of the Otis Quick-Scoring Mental Ability Tests was
used to provide a measure of mental ability from which an IQ could be

derived. IQ was used as a covariate in the data analysis.

The Beta Test, published in 1954, is one of three Otis Quick- Scoring
Mental Ability Tests, and is designed for use in Grades 4-9. The

test contains 80 multiple-choise items, allows 30 minutes of working

time, and yields a single score which can be converted to a "Mental

Age" using a table provided by the publisher. A student's IQ can

then be derived either by multiplying the quotient of his Mental Age
and "chronological age" by 100 or by referring to the publisher's

table. The latter method was used in this study.

The validity of the Beta Test was established by including oily
those items which definitely contributed to the capacity of the test
to measure brightness as reflected in a student's rate of progress

through school. The mean validity index of the items in the Beta

Test is reported to be approximately 0.45. The odd-even reliability
coefficient, corrected by the Spearman -Brown Formula, is reported
to be 0.93 for Grade 8 and 0.95 for Grade 9. The standard error
of measurement, based on a sample of 465 pupils is 4.0 (Otis Quick-
Scoring Mental Ability Tests, 1954, p. 7).

Lefever (1959) indicated that the considerable emphasis given by
the Beta Test to use of verbal symbols makes it particularly effective
in predicting school success. He concluded:

The Otis Quick-Scoring Mental Ability Tests, as the
title implies, do furnish a short and easily scored indicator

of scholastic aptitude. Such a measure, if interpreted with
care, can be useful to both teacher and counselor by revealing
within fairly broad limits of accuracy the probably level of
academic achievement for a majority of pupils (Lefever, 1959,

p. 499).

In one of the two schools which took part in the study, the Beta
Test was administered by classroom teachers in January, 1968, to all

participating classes. Stud;mts responded on IBM 501 answer sheets,

which were later hand scored. In the other school which took part
in the study, data on the Beta Test were available as a result of a
Fall, 1967, administration of the test as part of the school's

regular testing program. The data collected in the Fall adminis-

tration were made available to the experimenters by school officials.



Instruments Constructed by the Experimenters

A total of 12 instruments were constructed by the experimenters
for use in this study. Six of the instruments were used to assess
student achievement or retention of the selected content. The

remaining six were used to assess the extent to which teachers did,
in fact, teach by the prescribed teaching methods.

Purposes and special characteristics of the instruments are

discussed below.

1. The Unit 1 Pretest and Delayed Posttest, Unit 2, Pretest
and Delayed Posttest, and Unit 3 Pretest and Delayed Posttest
were used to measure pre-unit achievment and post-unit
retention of the selected content in the respective units.
The instruments were administered as pretests immediately
preceding the respective units, and as delayed posttests
approximately five weeks following the completion of the
respective units.

2. The Unit 1 Immediate Posttest, Unit 2 Immediate Posttest,
and Unit 3 Immediate Posttest were used to measure achievement
of the selected content in the respective units. The
instruments were administered immediately following the
completion of the respective units.

3. The Unit 1 Student Rating Scale, Unit 2 Student Rating
Scale, and Unit 3 Student Rating Scale were used'to measure
student conception of classroom procedure during the respective

unit. These scales were completed every other day by tuo
students In each class. The scales were analyzed both
during and following each unit to give the experimenters a
rough approxirntion of the de,ree of adherence to the
prescribed tei.,,Aing methods.

4. The Unit 1 Observer Rating Scale, Unit 2 Observer Rating
Scale, and Unit 3 Observer Rating Scale were also used
to gain a rough idea of the degree of adherence to the
prescribed methods. These scales were used by two adult
observers--one member of the mathematics department in each
school. At least two observations were made of each
teacher, one during each of his assigned methods. The

analysis of the student and observer rating scales revealed
that the teaching methods were not adhered to as closely
as was desired.
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Dutton's Attitude Toward Mathematics Scale

Dutton's "Attitude Toward Mathematics" Scale was used to measure

both teacher and student pre -experimental and post-experimental

attitudes toward mathematics. The scale was administered to teachers

and students prior to Unit 1 and following Unit 3.

Fundamental Concepts in Arithmetic

Fundamental Concepts in Arithmetic, developed by the University

of Georgia Mathematics Education Department, was administered to the

seven participating teachers prior to the study in order to obtain

a Leasure of teacher understanding of arithmetic. Achievement on

this test indicated that each teacher was sufficiently knowledgeable

in basic mathematics for participation in the study.

Methods of Data Analysis

Analysis of variance and analysis of covariance were the statistical

techniques applied to the data.

Since each of the factors (1) prior general mathematical achievement,

(2) mental ability, and (3) prior achievement in the selected content,
are correlated with achievement in selected mathematics, the analysis

of covariance was chosen as the primary statistical fechnique for Units

1 and 3. The analysis of variance was selected to test for first-order

interactions between the main variables and as a supplementary analysis

when the data were classified by each of the main variables.

The programs -,:aployed in the analysis of Units 1 and 3 were (a) a

one-way analysis of covariance computer program developed by Cruz and

Wilson (Wilson, 1967) and (b) a two-way analysis of variance computer

program developed by Appelbaum and Bargmann (Bargmana, 1967) called

Program }MAID (Multivariate, Univariate, and Discrimination Analysis

of Irregular-Data). A test for homogeneity of regression equations was

a feature of the Cruz and Wilson program that influenced its selection

for the analysis of covariance. MUDAID was employed (a) as a test for

first order interactions between the main variables and (b) as a

supplementary analysis among group means of each of the main variables

in analyses for which the ..ialysis of covariance was inappropriate due

to heterogeneity of regression.

The three variables that were the covariates for the analysis of

covariance--(1) prior general mathematical achievement, (2) mental

Ability, and (3) prior achievement in the selected content--were each

classified into three levels Rd treated as factors ibithe two way

analysis of variance. The 25 percentile and the 75 percentile

were the values chosen a priori for determining the three classification

groups of prior achievement. Consequently, the classifications described

below cane closest to satisfying these criteria. A subject was placed

into the low, the average, or the high, prior general mathematical achieve-

ment group according to whether his raw score on the Arithmetic Concepts



subtest of the Advanced Arithmetic Tests of the Stanford Achieve-
ment Test, Form X, was below 13, between 12 and 20, or above 19,
respectively. A subject was placed into the below average,
average, or above average group of mental ability according to
whether his IQ score on the Otis Quick-Scoring Mental Ability
Test, Form Beta, was below 90, between 89 and 111, or above 110,
respectively. A subject was placed in the low, the average, or
the high prior achievement group in the selected content of Unit
1, (Unit 3) according to whether his raw score on the Unit 1
pretest (Unit 3 pretest) was below 6 (below 10), between 5 and 9
(between 9 and 15 ), or above 8 (above 14).

The experimental designs used in Unit 2 were as follows:
(1) a groups-within-treatments design, (2) a three-factor factorial
design at the ninth grade level, and (3) a four-factor factorial
design at the eighth grade level. The groups-within-treatments design,
described by Lindquist (1956), regarded the class as the sampling unit,
and treatments (methods) were randomly assigned to classes rather
than individual students. The analysis of variance technique for
the groups-within-treatments design, described by Lindquist (1956),
was used to make treatment compariso-s on achievement and retention
in Unit 2.

The groups-within-treatments design in Unit 2 was supplemented
by a three-factor factorial design at the ninth grade level and a
four-factor factorial design at the eighth grade level. The three
factors in the factorial design at the ninth grade level were
"treatments," "classes," and "achievement level on the Unit 2
pretest." The four factors in the factorial design at the eighth
grade level were "treatments," "schools," "classes," and "achieve-
ment level on the Unit 2 pretest." These supplementary designs
provided an increase in the degrees of freedom and allowed an
examination of main effects and interaction effects of "schools,"
"classes," and "Pretest-achievement-level" factors. The factorial

designs were analyzed `using an unweightedi-means analysis
of variance in which the student was treated as the unit of analysis.
The cell frequencies in each factorial design were equalized using
Winer's (1962) harmonic mean adjustment. The "achievement lever'
on the Unit 2 Pretest of a subject of a given group was high or low
depending on whether he scored (a) on or above the group median cr
(b) below the group median of the Unit 2 Pretest.

The t-test was the statistical method empliiyed to analyze the
student and teacher attitude toward mathematics data.

The achievement tests constructed by the experimenters for each
unit were analyzed by a computer program called TSSA2 (Wolf, 1963).
The analysis of the rating scales is described in Chapter IV.
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For each unit test, the pretest data, the Immediate Posttest
data (achievement data), and the Delayed Posttest data (retention
data) were analyzed by the computer program TSSA2 (Wolf, 1963).
The reliability coefficients were as follows: (a) 0.32, 0.67, and
0.58 on the Pretest data.of. Unit 1, Unit 2, and Unit 3, respectively;

(b) 0.4.78 on the Immediate Posttest data of Unit 1,

Unit 2, and Unit 3 respectively; and (c) 0.74,0.86, and 0.76 on
the Delayed Posttest data of Unit 1, Unit 2, and Unit 3, respectively.



CHAPTER IV

RESULTS

The results of the present study are reported in five general

sections. "Analysis of the Instruments" includes four subsections,
presenting first the analyses of the Student Rating Scale (SRS)

and the Observer Rating Scale (ORS) for Unit 1, presenting second

the analyses of the SRS and the ORS for Unit 2, presenting third

the analyses of the SRS and the ORS for Unit 3, and presenting

fourth, the analyses of Test 1, Test 2, and Test 3. The data

analysis are reported by unit in the general sections "Analysis

of Unit 1,' "Analysis of Unit 2,' and "Analysis of Unit 3." The

final general section is "Analysis of the Student and Teacher

Attitude Data."

Analysis of the Instruments

Analysis of the Unit 1 Data Collected with the Student Rating Scale

(SRS) and the Observer Rating Scale (ORS).

The procedure for the analysis of SRS for Unit 1 was to determine

each student score on the SRS by summing algebraically the weights in

Table 3 (Appendix C, p. 95 ) for the items marked by the student and
determining the means of the student scores for each teacher-method

group. The mean of each teacher-method group could then be compared

with the highest possible score for each method--+3 for Method D,

+4 for Method E, and + 3 for Method S -- and with the lowest possible

score for each method -- (-6) for Method D, -4 for Method E, and -4

for Method S. The nearer the mean score of a teacher-method group
approached the highest possible score for that method the stronger

the confirmation of the teacher's fidelity to the method. Also,

the nearer the mean score of a teacher-method group approached the

lowest possible score for that method the weaker the confirmation

of teacher fidelity to the method.

Table 4 (Appendix C, p. 96 ) presents the mean score and the

number of observations for each teacher-method group during Unit 1.

Teacher 1 received a mean rating of -0.2 on Method E and a mean

rating of +1.1 on Method S. (Each teacher taught by two methods,

thus one cell is empty in Table 4 for each teacher.) Data were unavail-

able on Teacher 2. Teacher 3 received a rating of -1.3 on Method D

and + 1.3 on Method E. Teacher 4 received a rating of -0.1 on

Method D and a rating of +0.6 on Method S. Teacher 5 received a

rating of +1.3 on Method D and -0.2 on Method S. Teacher 6 received

+0.6 on Method D and +0.2 on Method E. Teacher 7 received +2.2 on

Method E and 42.8 on Method S. Notice that Teacher 7 showed

stronger adherence to her assigned methods than any of the other

teachers by student raters. Notice also that the means in Table 4

indicate a wide range of adherence from teacher to teacher within

each method.
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The teachers were also rated during Unit 1 by a mathematics teacher

within his school. Each...-of these two observers agreed to observe each

teacher-method group twice during Unit 1. However, the observer at

School 1 found later that he had time for only one observation on each

teacher-method group. The procedure of analysis of the data collected

for Unit .1 on the Observer Rating Scale (ORS) was to add the weights

of checked items as given in Table 3 (Appendix C, p. 95 ) and divide

this sum by the number of items.

Table 5 (Appendix C, p.97 ) presents the scores for Unit 1 on

the ORS. Notice that Teachers 5, 6, and 7 have two scores per assigned

method. The first of the two scores in each cell was for the observation

during the first week of instruction and the second score was for the

second observation at the end of the second week of instruction of

Unit 1. Notice that Method S has the widest range of scores and Method

D has the most consistent set of scores. Also, notice in Table 5 that

the second rating of each of Teachers 5, 6, and 7, was at least as

high as the score on the first observation and for Method S, there

was a substantial increase from the first rating to the second rating

for Teachers 5 and 7. The data indicated that strongest adherence

was to Method D and the weakest adherence was to Method S during Unit 1.

4inalysis,of Unit 2 Data - Collected with SRS and ORS

The ORS for Unit 2 was analyzed by computing proportions of responses

that indicated adherence to the prescribed teaching methods. Part I

of the ORS for Unit 2 Scale contains six items, and Part II contains one

item. Thus, each time a rater observed a class he responded to seven items

on the basis of his observation. The rater's response to each item

was recorded by the experimenter as indicating either "adherence" or

"non-adherence" to the prescribed teaching method. The proportion of

confirming responses (Cp) for each rating was computed by summing the

number of responses which indicated adherence to the prescribed method

and then dividing this sum by the total number of responses, namely 7.

The design of the study called for a total of two observer ratings

on each teacher, one rating in each of the teacher's assigned teaching

methods. The design was adhered to except in one instance; the observer

in School A was unable to observe Teacher 4. Table 6 (Appendix C, p. 98)

shows the proportion of confirming responses (Cp) on the ORS for each

of the two teaching methods of each teacher who was observed. Since

the results in Table 6 are based on only one observation each, they

should not be considered as definitive of the degree of adherence to the

prescribed methods during the entire study. They are intended. rather,

as a rough approximation of the degree of adherence during the periods

of observation. Table 6 indicates weaker adherence in Classes 9, 10 and

17 and stronger adherence in Classes 5, 6, 11, 15, and 18.
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Table 7 (Appendix C, p. 99 ) shows the proportion of confirming

responses (C ) on the ORS for each treatment group. The C for each

treatment gaup was computed by summing the number of respEnses within

each treatment group which indicated adherence and then dividing this

sum by the total number of responses within a treatment group, namely

28. Table 7 indicates weakest adherence to Method E and strongest

adherence to Method D. Adherence to Method S fell between the other

two methods. These results should be interpreted with the same

caution that was pointed out above.

Proportions of confirming responses were computed separately for
the two parts of the Student Rating Scale for Unit 2. Part I of

this instrument contains nine items which deal with specific
components of the teaching methods, and Part II contains one item

which deals with a global, or general, description of each teaching

method. The design of the study called for two student raters in
each class to respond to the instrument on four separate occasions.
Thus, for those classes in which the design was adhered to, student

raters responded to a combined total of 72 items on Part I and a

combined total of 8 items on Part II. The experimenter recorded
each response as indicating either "adherence" or "non-adherence"

to the prescribed teaching method. The proportion of confirming

responses (C ) on Part I for the two raters in a given class was
computed by Bumming the number of responses which indicated adherence
to the prescribed method and then dividing this sum by the total

number of responses. The proportion of confirming responses (C p)

on Part II was computed in a similar way.

To obtain a measure of rater agreement on the global, or general,
item which made up Part-II of the SRS, an "agreement proportion"
(A ) was computed for each pair of student raters. For a given

par of raters, A -was computed by counting the number of occasions on
which both ratersPindicated adherence or both indicated non-adherence
and then dividing this total by the number of rating occasions.

Table 8 (Appendix C, p. 100) shows the proportion of confirming
responses (C ) on the SRS for the pair of student raters in each class.
The table also shows the agreement proportion (A ) for the pair of
student-raters in each class. It should be keptPin mind that the
results shown in Table 8 are not to be considered as definitive of
the degree of adherence to the prescribed methods during the entire
study. The results are intended as a rough approximation of the
classroom procedure followed in a given class as seen by two
particular students (the two student raters picked by the teacher).
Table 8 indicated weaker adherence on Part I for Classes 1, 2,
and 11 and stronger adherence for Classes 5, 6, 12, 13, 14, 15,
and 18. On Part II, weaker adherence was indicated for Classes
7, 8, -9, -and 14 and stronger adherence was indicated for Classes

2, 5, 6, 13, and 18. Table 15 also shows that there was less
agreement on Part II between the pairs of raters in Classes 4, 10, 12,
16, and 17 and more agreement between the pairs of raters in Classes
2, 5, 6, 9, 13, and 18.
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Table 9 shows that the proportion of confirming responses (C )

on the two parts of the SRS for each treatment group. The C for

each treatment group on each part of the SRS was computed by

summing the number of responses within each treatment group
which indicated adherence and then dividing this sum by the total

number of responses within a treatment group varied from group

to group since some of the pairs of raters observed on less

than four occasions. Table 9 (Appendix C, p. 102 ) indicated

weakest adherence to Method E and strongest adherence to

Method S on Part I. On Part II, Table 9 indicates weakest
adherence to Method E and strongest adherence to Method D. As

pointed out above, these results are only rough approximations and

are not to be considered as definitive of the classroom procedures

which were actually followed during the entire study.

Analysis of Unit 3 Data Collected with SRS and ORS

Both the Student Rating Scale for Unit 1 and the Observer

Rating Scale for Unit 1 were revised for use during Unit 3. The

frequence of qualifying remarks to cl -ved items on these scales

during Unit 1 was the prime reason for the revisions. The comments

and remarks suggested the need for options allowing different degrees

of agreement. The revised Student Rating Scale consists of fifteen

items each of which corresponds to the same item on the revised

Observer Rating Scale except for item number 13. Also, the ORS

contains one more item than the SRS.

The procedures for the analyses of the data collected with the

SRS and the ORS for Unit 3 was analgous to the procedures for Unit I.

Tables 10 and 11 (Appendtx C, pp.I03,104) give the tables-of *eights

from which scores were computed on the SRS and the ORS respectively.

Briefly, each student score on the SRS was the quotient of the

algebraic sum of weights from Table 10 of the options marked by the

student and the number of items (15). The arithmetic mean of the

student scores was then the score indicating the degree of conformity

of the teacher to his assigned method. The nearer the mean score

to the maximum score possible in each method (+2 for each method),

the stronger the confirmation of adherence by the teacher and the

closer the mean score to the minimum score possible for each method

(-2 for Method D, -1.93 for Method E, and -1.87 for Method S) the

stronger the confirmation of non-adherence to the teaching method.

Table 12 (Appendix C, P. 105 ), presents the number of

observations and the mean on the SRS for each teacher on his

assigned methods. Notice that all scores in Table 12 are positive,

with some scores indicating strongest adherence to Method D.
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Table 13 (Appendix C, p. 106) presents the ORS scores obtained

from Table 11 in the same manner as SRS from Table 10, with almost

identical limits) for each teacher on each of his assigned methods.

The data shows that all scores were positive, thus tending toward

confirmation of adherence to the methods. Notice that all scores for

Method D, regardless of the teacher, received the strongest confirmation

of adherence. Thus, these results supported the results of the

analysis of the SRA data in Unit 3.

Unit 1 Results

The results of Unit 1 are reported in the following manner:

(1) those analyses for which the F-values were not significant at

the .05 level in group mean comparisons and .(2) those analyses for

which the F-values were significant at the .05 level in group mean

comparisons and in selected first-order interactions.

Analyses for Which F-values Were Non-Significant in Group Comparisons

When the criterion was achievement in Unit 1, there were no signi-

ficant differehces among the classification group means when the data

were stratified by (1) student sex, (2) grade level, (3) period of

day, (4) treatment (method) within the subset of male students,

(5) treatment within School 2, (6) treatment within the subset of

eighth grade boys, (7) treatment within the subset of ninth grade

boys, (8) treatment within the subset of male students of female

teachers, and (9) treatment within the subset of female students of

male teachers. Results of the analyses under stratifications (7)

and )9) above should be regarded tenuous due to significant hetero-

geneity of regression at the .05 level. The results of these analyses-

are summarized in Table 14 (Appendix C, p. ) giving the adjusted

means for each group. When the criterion was retention-in Unit 1,

there were no significant differences among classification group

means when the data were stratified by (1) student sex, (2) grade

level, (3) treatment within the subset of male students, (4) treatment

within the subset of eighth grade male students, (5)'treatment

within the subset of ninth grade male students, (6) treatment within

the subset of male students of female teachers, and (7) treatment

within the subset of male students of male teachers. A simmAry of

the results of the preceeding analyses of the retention data of

Unit 1 is given in Table 15 (Appendix C, p. 108) including the

adjusted mean for each comparison group.

Analyses for Which F-Values Were Significant

Each analysis for which the F -value was significant in group

comparisons and first-order interactions is reported in this section.

For each stratification of the data the results are reported first

when the criterion was achievement and second when the Triterien was

retention. Significant first-order inteactiontr, at the 105 level,

are reported when either-of the-main variables involved is first used as

a clasiification variable in group comparisons.
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Stratification by Treatment Method.

Table 16 (Appendix C, p. 109) presents the analysis of covariance

of achievement in Unit 1 when the data were classified by method.

The analysis showed significant differences at the .01 level among

the treatment means. However, heterogeneity of regression was

also significant at the .01 level. The latter results indicated

that the important basic assumption of homogeneity of regression

in the analysis of covariance technique was highly doubtful when

the data were stratified by method and the criterion was achievement

in Unit 1. Thus, analysis of covariance was probably inappropriate

for this analysis. So, the analysis of variance was applied to

the data of Unit 1 with achievement as criterion when the data

were grouped by the main variable method (Table 17, Appendix C.

P 110). Table 17 reveals highly significant differences (p <.01)

among the teaching methods and Table 18 (Appendix C, p. 111) shows
the results of the range tests where 14.0 Mr, and M represent
the means of Method D, Method E, and Method S. No ice that while

Methods E and S did not significantly differ, each was superior

to Method D.

When the criterion was achievement in Unit 1, a significant
interaction at the .01 level was found between method and teacher
(Table 19, Appendix C, p. 112 ). A significant interaction at the
.05 level was found between method and each of mental ability
level and the Unit 1 pretest (Tables 20 and 21, Appendix C,
PP113-4 ) Figure l(Appendix D, p.194) illustrates graphically
the interaction found between teacher and method. Notice in
particular that the Method E and the Method S group means inter-
changed relative positions from teacher to teacher. However,
before any hasty conclusions are drawn concerning the effective-
ness of certain teachers with certain methods, it should be
pointed out that-classes were grouped according to ability before
the experimental study was begun.

Figure 2 (Appendix D, p. 1954 illustrates the interaction
between method and mental ability. For the below average ability
group the Method i subgroup mean was lowest, the Method subgroup
mean highest, and the Method E subgroup mean in between the other
two. For the average ability group, the Method D subgroup mean
was still lowest,- but the- other two subgroup means were about equal.
For the above average ability group, the Method E and Method S
group means exchanged relative positions, and the Method D group
mean remained in the lowest relative position. These results
indicated that brighter students required less guidance than the
vrerage and below average ability students, but they performed
best with some - degree of guidance in _earning.
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Figure 3 (Appendix, D, p. 196) presents the interaction between

method and prior achievement in Unit 1. These results indicated that
when the students knew very little about the content prior to the
instructional period, a moderate degree of guidance was more effective

than an extreme degree of guidance. If the students were a little

more knowledgeable of the content before the instructional phase of
the study, any greater degree of guidance was slightly better than
the minimum amount received in Method D. For the most knowledgeable
group of students in the content of Unit 1 prior to the instructional

phase of the study, the greater the degree of guidance the greater
was the achievement.

Table 22 (AppendiX C, p. 115 ) is a summary of the analysis of
covariance of Unit 1 retention data when the total population was
stratified by treatment. The results showed that there were significant
differences at the .01 level among treatment group means on retention
of Unit 1. The F-value for heterogeneity of regression was non-
significant, thus supporting the basic assumption of analysis of

covariance.

A summary of the range test is reported in Table 23 (Appendix

C, P.116 ). giving the adjusted means of each treatment group. As on
achievement, the results showed that while the means for Methods E
and S did not-significantly differ, each was significantly greater
at the .01 level than the Method D mean.

On retention of Unit 1 with the total population in the comparison
there were significant interactions at the .01 level between method
and teacher and between method and mental ability. Figure 4 (Appendix
D, p.197) illustrates graphically the interaction effect observed
between method and teacher on retention of Unit 1. Notice that the
relative positions of Method D and Method E group means interchanged
from Teacher 3 to Teacher 6. This indicated that method effects were
not independent of teacher effects. However, no conclusions should

be drawn from these results about the effectiveness of each of these
two teachers with a particular teaching method since the various teacher-
method groups were originally grouped according to mathematical ability

by the participating schools.

Figure 5 (Appendix D, p. 198) preients graphically the interaction

between method and mental ability level. The results indicated that
the effect of mental ability level on retention of Unit 1 was not
independent of the method by Allah the unit was taught. The results

suggested that for the low IQ group, the Method D subgroup retained
the least and the Method S group retained the best. Retention by the
Method D and Method E average mental ability groups did not significantly
differ but each was lower than the retention for the Method S average
mental ability group. For the high mental ability subject6 the Method
E subgroup had highest retention with the Method D subgroup retaining

the least. Thus, the Method E and Method S subgroups had parallel
positions for the average and below average subjects with retention by

the Method S subgroups superior. However, the relative positions of
the Method E and Method S subgroups reversed for the above average subjects.
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This suggested that the bright students retained better when given

a moderate degree of guidance whereaa the less gifted students

retained better with a maximum degree of guidance.

Stratification by Teacher

Table 24 (Appendix C, p.117) presents the analysis of covariance

of the Unit 1 achievement data when the subjects were grouped by

teacher. The analysis showed significant differences, at the .01

level, among adjusted teacher group means. Heterogeneity of regression

was marginal at the .05 level, but not significant. A posteriori

tests wt.re r.-rformed on the adjusted means resulting from the

analysis of covariance. These results, summarized in Table 25

(Appendix C, p.118), showed a significant difference (a) at the .01

level between the adjusted mean of the Teacher 3 group and each

of the adjusted means of the Teacher 1 group, the Teacher 5 group,

the Teacher 6 group, and the Teacher 7 group, and (b) at the .05

level between the adjusted group mean of Teachers 1, 6, and 7.

If the means that did not significantly differ were considered,

the following diagram summarizes the results:

T
3

T
2

T
4

T5 T1 T
7

T
6

9.50 10.19 11.16 11.70 11.96 i1.99 12.10

In the diagram, means with a common underline did not significantly

differ.

There was a significant interaction at the .01 level betwcan

teacher and mental ability level for achievement in Unit 1. Figure 6

(Appendix D, p. 199) gives a graphic illustration of the interaction

effects between teacher and mental ability level. Notice that the

mean scores of the three ability level groups were in the expected

relative order (i.e., the high IQ group scored higher than the average
IQ group which, in turn, scored higher than the low IQ group) for

Teachers 1, 3, 4, 6, and 7 but not for Teachers 2 and 4. Under

Teacher 2, the low mental ability group achieved as well as the

average mental ability group and the high mental ability group

achieved no better than the average mental ability group in Unit 1.

Under Teacher 5, the mean scores of the average IQ group and the
above average IQ group were in the expected relative order to each

other. However, the mean-score of the low IQ group was greater
than the mean of either of the other two IQ groups. Thus, it
appeared that achievement in Unit 1 was not due to independent

effects of mental ability level and teacher. Due to the small
number of cases in some cells, caution should be exercised in
drawing conclusions at this point. There were 8, 15, and 4 subjects
in the low IQ group, average IQ group, and above average IQ group,
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respectively, of Teacher The analysis reveals a mean score of 15

and SD of 0 for the low IQ group- with 2-subjects for Teacher 5, thus

indicating a score of 15 per sibject. It is conneivable that this mean

score was due largely to chance.

Table 26 (Appendix C, p.119 ) summarizes the analysis of covariance

of Unit 1 retention data when the subjects were stratified by teacher.

However, since heterogeneity of regression was significant at the .01

level, the analysis of variance in Table. 27 (Appendix C, p.120) will- not

be reported. This table summarizes the two-way analysis of variance or

teacher by achievement level group means. These results showed signi-

ficant differences at the .01 level among teacher group means and no

significant interaction effects between achievement level and teacher.

Table 28 (Appendix C, p 121)gives the paired comparisons between the

teacher groups. In Table 28, the symbol Ti represents the adjusted

mean retention score on Unit 1 by the subgroup of subjects taught by

Teacher-I, where i - 1, 2, ..., 7. The adjusted mean of the Teacher

7 group was superior at the .01 level to all other group means except

that of the Teacher 5 group. The teacher group means partition into

two sets as shown schematically in the following diagram which lists

teacher groups from high to low:

T
7

T
5

T
6

T
4

T
1.

T
2

T
3

14.07 12.95 11.73 11.55 11.34 9.65 9.52

limns of those teacher groups with a cc:,,mon underline did not signifi-

cantly differ at the .05 level. Means affered significantly for those

groups without a common underline. Thus Teacher 5 and Teacher 7 group

means did not significantly differ; Teacher 1, Teacher 4, and Teacher

6 groups did not significantly differ; and Teacher 2 and Teacher 3

group means did not significantly differ.

As shown in Table 29 (Appendix C, p 122)., retention of Unit 1,

there was a significant interaction at the .05 level between teacher

and mental Ability-. This interaction is shown graphically in Figure 7.

(Appendix C, Notice that-the effects upon retention of Unit

1 by the mental ability level of the group was not independent of the

effects of the teacher. In particular, the effects of Teachers 2 and

5 were unlike those of the other teanhers since their ability groups

retained equally well. However, the reader should be reminded again
of the small number of cases in the. various ability groups of these two

teachers.

Stratification by Period of Day.

Although no significant differences at the .05 level existed among
group means for achievement in Unit 1 as shown in Table 30 (Appendix C,

p. 123), there were significant differences at the .01 level among period

group means when the ci7terion was retention of Unit 1. Table 31
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(Appendix C, p. 124 ) is a two-way table that summarizes the paired

comparisons of group means. The group mean of period 6 was signi-

ficantly different at the .01 level from each of the group means

of periods 1 any' 4. At the .05 confidence level, the period 1 group

mean differed from each of the means of periods 2, 3, and 5, and

the period 4 group mean differed from each of the group means of

periods 2 and 5.

Stratification by School.

Table 32 (Appendix C,p.125) presents the analysis of covariance of

the Unit 1 achievement data under the classification of school.

At the .05 level there was a significant difference between school

means and significant heterogeneity of regression. However, analysis
of variance revealed significant differences at the .01 level. Thus,

the school. 1 group mean of 11.02 was inferior to the School 2 group

mean of 12.01.

Table 33 (Appendix C, p. 120 presents the analysis of covariance
of the Unit 1 data when the subjects were classified by school and
the criterion was retention. The F-value for school mean differences

was very large (F=25.797). The adjusted means were 10.85 and 12.82
for School 1 and School 2, respectively.

Stratification by Method Within the Eighth Grade

Table 34 (Appendix C, p.127) presents the analysis of covariance
of the Unit 1 achievement data when the eighth grade students were
classified by method. The results of the analysis indicated highly
significant differences among the treatment groups (at the .01 level).
Heterogeneity of regression was marginal at the .05 level, casting
some doubt on the validity of the analysis. W1.41 this restriction
the results of thea posteriori tests are summarized in Table 35
(Appendix C,-p. 128 ). The results show that there was no significant
differences among the treatment groups (at the .01 level). Hetero-
geneity of regression was marginal at the .05 level, casting some
doubt on the validity of the analysis. With this restriction the
results of the a posteriori tests are summarized in Table 35 (Appendix
C, p. ). The results show that there was no significant difference
between the means of the Method E group (12.21) and the Method S
group mean (12.30) but that each of these was significantly greater
at the .01 level than the Method D group mean (10.59).

Table 36 (Appendix C, p.129) presents the analysis of covariance
of the Unit 1 retention data of the eighth grade subjects when they
were classified by method. The analysis showed significant differences
at the .01 level among the method group means. Again, while the Method
E and the Method S groups did not significantly differ, each was
superior to the Method D group on retentiqn at the .01 level.
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Stratification b Method Within the Ninth Grade

Table 37 (Appendix C,- p. 130) presents the analysis of covariance
of the Unit 1 achievement data of the ninth grade subjects when grouped

by method. Although the F-value for treatment means indicated signi-
ficant differences among the method group means at the .05 level,
heterogeneity of regression was significant at the .01 level. The latter

fact indicated that the analysis of covariance was inappropriate for
this stratification of the data.

Table 38 (Appendix C, p.1X1) presents the analysis of covariance of
the Unit 1 retention data of the ninth grade subjects when they were

grouped by method. The results showed that there were significant
differences among the treatment means at the .05 confidence level'
while heterogeneity of regression was non-significant at the same
level. Further analysis showed that there was a significant difference
between Method D compared to Method E and Method S.

Strati:filmed:on-by-Method Within the Female Teacher Subgroup.

--(!tp C, p. 132) presents the analysis of covariance
of the -Wait locAhlevemientliata when the subjectswera grouped by method
within the-female teacher subgroup. As -scan from the table, there
were significant differences at the .01 level among the treatment

groups. Also, note that heterogemeity.giUmatmaelow-itas non-significant
at the .05 level indicating that the basic assumption of homogeneity
of regrestrbanisasioattified. The results of further analysis in
binary comperiaamialasmed that .Method EAdiffemd 14mattlathod D at the
.01 levell&LbrAMWhed 8-differed from Method D at the .05 level.

As -14mInar in:Midas -40 --(Appendix C, p . 133 ) , -the -eve was even

.larger for --ImosSamartilammas -when the .critarlionAgwas4msiegtioasa of Unit 1

by the subjentirotAsage _loathers. 4u:ether 4amelgazia ..abowed -that while

lietheid 4 sit-8- _didramott Arismifieantly differsaaati-Afas .4aaparier to

_Method DAM -the Asevel

Stratification by Method Within the Male Teacher Subgroup

Table 41 (Appendix C, p. 134 presents the analysis of covariance
of the Unit 1 achievement data when the subjects were grouped by method
within the male teacher subgroup. The table shows significant
differences at the .01 level among the treatment means. However,

the results of this analysis may invalid since heterogeneity of
regression was significant at the .05 level. Table 42 (Appendix C,

p. 135) presents the analysis of covariance of the Unit 1 retention
data when the subjects were grouped by method within the male teacher

subgroup. The results reveal significant differences among the
treatment means at the .05 level and homogeneity of regression. The
a posteriori test revealed a significant difference between Method D
and Method E and between Method D and Method S at the .05 level
but no significant difference between Method E and Method S.
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Stratification b Method Within the Subset of Female Students.

Tables 43 (Appendix C, p.136) and 44 (Appendix C, p. 137)

present the analyses-of covariance of the Unit 1 achievement and

retention, respectively,-when the subjects were grouped by method

within the female rtudent subgroup. In each analysis there were
significant differences at the .01 level among the treatment means

and no significant-heterogeneity of. regression at the .05 level.

Therange-tests also-revealed identical results--there was a
significant difference at-the .01 level between Method D and

Method E and between Method D and Method S but there was no signi-

ficant difference between Method E and Method S in either case.

Stratification by Method Within School. 1. Table 45 (Appendix C,

p.138). presents the analysis of covariance of Unit 1 achievement

data when the subjects were grouped by method within School 1.

The results showed significant differences at the .01 level among

treatment means. .Bowever, there were also significant differences;

at the .01 level among regression equations.

Table 46 (Appendix. C, p.139) presents the analysis of covariance

of Unit 1 retention data when the subjects were grouped by method

within.:School 1. The results revealed significant differences among

the treatment means atthe .05 level and no significant heterogeneity

of regression. Binary comparisons revealed a significant difference

between-Method D and Method E and between Method D and Method S

at the .05 level but no significant difference tetween Method E

anv Method S.

Stratification by Method Within School 2.

Although there were significant differences at the .05 level

among neither treatment means nor regression equeAons on achieve-

ment in Unit 1 within School 2, there were signi;icant differences

among treatment means at the .01 level and among regression equa-

tions at the .05 level when the criterion was retention. Table 47

(Appendix C, p.140). summarizes these results.

Stratification by Method Within the Eighth Grade Female Student

--gibgroup.

Table 48 (Appendix C, p. 141) presents the analysis of co-

variance of the Unit 1 achievement data when the eighth grade female

subjects were grouped by method. There were significant differences

at the .01 level among treatment means and no significant differences

among regression equations. A posteriori tests revealed a significant

difference at the .05 level between Method D and Method E, a signifi-

cant difference at the .01 level between Method D and Method S,

and no significant difference between Method E and Method S.
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Table 49 (Appendix C, p. 142) presets the analysis of covariance of

the Unit 1 retention data when the eighth grade female subjects were

grouped by methal. The findings were identical to those for achieve-

ment above.

Stratification by Method Within the Hint% Grade Female Student Subgroup

Table 50 (Appendix C,p.143 ) presents the analysis of covariance

of the Unit 1 achievement data when the ninth grade girls were grouped

by method. The results showed significant differences at the .01

level among both treatment groups and regression equations.

Table 51 (Appendix C, p.144 ) presents the analysis of covariance

of the Unit 1 retention data when the ninth grade girls were grouped by

method. The results revealed significant differences at the .05 level

among treatment means and no significant differences among regression

equations. Further analysis showed a difference at the .05 level

between Method D and Method E only.

Stratification by Method Within the-Subset of Female Students of Female

/leathers

Table 52 (Appanage C, p.145) presents the analysis of covariance
of the Unit 1 achievement data when the girls taught by female
instructors were grouped by method. The results showed significant
differences at the .01 level among treatment means and no significant
differences Among regression equations. The range tests yielded a
significant dlfference at the .05 level between Method D and Method E,
a significant difference at the .01 level between Method D and Method
S, and no significant difference between Method E and Method S.

Table 53(Appendix C, P146 presents the analysis of covariance
of the Unit 1 retention data when the girls taught by female instructors
were grouped by method. The results showed significant differences
at the .01 level among treatment means and no significant differences
among regression equations. The range tests yielded a significant dif-
ference at the .01 level between Method D and Method E and between
Method D and Method S, and no significant difference between Method
E and Method S.

Stratification b Method Within the Subset of Female Students of Male
Instructors

The. analysis- of covariance of the Unit-1 achievement data when
the girls taught by male-instructors-were grouped by method indicated .

no significant differences among-treatment means, as reported above.
Also, heterogeneity:of regression was marginal at the .05 level.
However, there. were significant-differences among treatment means,
with no significant heterogeneity-of regression, when the criterion
was retention, Further analysis revealed that the only significant
difference was between Method D- and Method E.
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Stratification.by-Method-Within-the'Subset of Male Students of

Male Instructors.

Table 55 (Appendix C, p. 140 presents the analysis of covariance

of the Unit 1 achievement data when the boys taught by male instructors

were grouped by method. The results indicated that there were sig-
nificant differences-athe .05 level among treatment means and among

regression equations: As seen previously, there were significant
differences among neittir the treatment means nor regression equa-
tions at the* '.05 level-when-the criterion was retention.

Unit 2 Results

The results of the analysis of Unit 2 are reported in the

sections "Analysis of the Groups-Within-Treatments Design" and

"Analysis of the Factorial Designs".

The analysis of variance technique for the groups-within-treat-

setts design described by Lindquist (1956) was used to make treatment

comparidons on. achievement and.retention in Unit 2. Before using the

analysis of"variance technique, a test for homogeneity of variance

was made. Ihe test for-homogeneity of variance is reported first

inthis section, followed by the results of the analysis of variance.

Test for Homogeneity. of Variance

A basic: assumption-in the analysis of variance for the groups
within-treatments7-design-is,that:the variance of the distribution

of- group. means- is: thei.same for'each. treatment population. Before
making the-an.alybere-on'-the; achievement data and the retention data,

Leven's. Testas-described.by Glass (1966) was used to test for

homogeneity'of variance.

Levene's test was applied is this study by making a one-way
analysis of'variance-owthe-absolute 2lues of the differences between
each class mean' and the unweighted mean of its treatment group.
Table 56 (Appendix C., P. 149) shows the results of the homogeneity

of variance testowthe'achievement data. The obtained F-ratio

was not significant arthe :05level, which indicated that the data
supported the -hypothesis.of'equal treatment population variances.

Table 57 (Appendix C, p 130) shows the'.reaults: of :the 'homo-

geneity of variance' test on. the retention data. Again, the F -ratio

was not significant at-the--.05-level, which indicated that the

hypothesis of equal-treatment population variances was supported
by the data.
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Analysis of Variance for-the Groups-Within-Treatments Design on the

Achievement Data

Table 58 (Appendix C, p. 151) summarizes the results of the analysis

of variance for the groups within- treatments design on the achievement

test. The obtained F-ratio (0.07) did not exceed the critical value

of F
.95

(3.68).

Analysis of Variance for the Grou s-Within-Treatments Design on the

Retention Data

Table 59 (Appendix C, p.152) summarizes the results of the analysis

of variance for the groups-within-treatments design on the retention

test. The obtained F-ratio (0.14)did not exceed the critical value

of F
.95

(3.68)

Analysis of the Factorial Designs

It was pointed out in Chapter III that the groups-within-treaments
design was supplemented by a factorial design at each grade level in unit

2. The factorial designs treated the student rather than the class,

as the unit of analysis. As explained in Chapter III, "achievement

level on the Unit 2 pretest" was treated as a factor in the factorial

designs employed in this study. The use of this factor necessitated

the division of each class into to sub-classes-- the subclass of stu-

dents who scored at or above the overall median on the Unit 2 pretest

(the overall median on the Unit 2 Pretest was 18). The letter "U"

denotes the set of all students who scored at or above the overall
median, and the letter "1" denotes the set of all students who scored

below the overall wedian. Results of the analysis of variance for

the factorial designs are reported in this section.

Analysis of Variance for the Three-Factor Factorial Design at the Ninth

Grade Level on the Achievement Test

In the analysis of the three-factor factorial design at the ninth
grade level, "treatments" (T), "classes" (C), and "achievement level

on the Unit 2 pretest" (4 were treated as fixed, random, and fixed

factors respectively. The 12 subUasses which resulted from blocking
on these factors were considered to have nh observations each, where

nu wa the harmonic mean of the actual number of students in each

subclass. The value of - used in the ninth grade analysis was 10.
nh

Table 60 (Appendix C, p 151) summarizes the analysis of variance
for the three-factor factorial design at the ninth grade level on the

Unit 2 achievement test. The obtained F-ratio for the treatments
factor did not exceed the critical value of F

.95°
This indicated

that at the ninth grade level the differences among treatment means

54



on the Unit 2 achievement test were not significant at the .05 level.

The F-ratios for. Tk-(interaction of treatments and achievement

level on the pretest) -and-AC:T (interaction of achievement level on

the pretest and classes)Aid not exceed the critical value of F

The nonsignificaneinteractioeindicated that the effect of a

treatment _did not-differ for the-two achievement levels, nor did

the effect.of.a classfdiffer for the two achievement levels.

The :-r.i.o=for the-classes'factor exceeded the critical value

-of F.
9
5....This'inditated that some of the differences among class

means.lor:totals)-Were-signifiCant'at the .05 level of significance.

Todetermlne!--vhich-particuIar-class'totals differed significantly,

..the. Newman-Keuls'llethad.4as used:to:make-tests on all possible pairs

of-ordered totals.

The Newman-Keuls method, described by Winer (1962), involves the

calculation of a qr statistic, where r is the number of steps two

means (or totals) are apart on an ordered scale. When making a

large number of-tests, Winer recommends that a critical value for

the difference between two totals which are r steps apart on an

ordered scale is qiLet(r
nliS

,f)q--------- (0(refers to the desired .

rro
level of significance, f refers

ero.the degrees of freedom for MS
error'

and n refers-to the-number of subjects in each group whose means

are being compared)-. The-Newman-Keuls procedure keeps the level

of significance equal-to 4Xfor all ordered pairs, no matter how many

steps apart the totals may be. -However, the level of significauce

with respect to the collection of all tests made, considered as a

single test, is lower than O(. This is in contrast to Duncan's

(1955) procedure which-uses_ a protection level of Okfor the collection

of testa, rather than- aAlevel for the individual tests. The Newman-

Keuls method is leserpowerful-, but more conservative, than Duncan's

procedure.

In the present-analysis, the Newman-Keuls test was applied to

class totals with the-number-of-students in each class considered

to be 2nh, where mh was-the-harmonic mean of the actual number of

students in each-pretest-achievement-level subclass.

Table 61 (Appendir C, p 152 ) shows the ninth grade class totals

on the Unit 2 achievement:test arranged in increasing order of mag-

nitude. Each claso total-was'computed by finding the product of

Tlh and, each subclass- mean-,- and then adding these two products.

The results of the-Newman-Keuls test at the .05 level of signifi-

cance may be summarized schematically as follows:

Class 2 Class 13 Ctaus I Class 10 Class 15 Class 8
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Classes underlined by:a-common-line-did not differ from each other;
classes not underlined bra _Comon-line did dif'er. Thus, Class 8
differed from Class-2-and--Class..13, but did not differ from Classes 1,

10 and 15. Similarly,-Class 15 differed from Class 2, but Class 15 did
not differ from Classes 13, 1, 10-and 8. There were no two classes in
the same treatment that-differed-from-each other.

Another result-of:the-analysis of variance for the three-factor
factorial design at-the-ninth-grade level on-the-Unit 2 achievement test
was that the F-ratio for the- factor "achievement-level on the Unit 2
pretest" exceeded the-critical. value of F cw- This indicated that the
difference between the means of-the two-pififest-achievement-level groups,
"U" and "L", was significant at the .05-level. The mean of the "U" group
was 28.74, and the mean of the "L" group was 19.05. Hence, the
difference was in favor of the "U" group.

Analysis of Variance for the-Three-Factor Factorial Design at the Ninth
Grade Level on the Unit 2 Retention Test

An analysis of variance:for-the-three-factor factorial design at
the ninth graielevel-vas-performedlon7the.retention data. The results
of this analysis are: summarized in-lable-.62. (Appendix C, p.153). The

F-ratio obtained in the analysis- of--Variance for the treatments factor
did not exceed the critical value of F

.95.

The F-ratios lor;the interactions TA. and AC:T did not exceed the

critical values-of
.95'

.-Thiewaethe same result that was obtained
on the Unit 2 achievement data.

The obtained value: of-rfor the' classes factor exceeded the F
.95

value. This indicated. that-some. of the class means (or totals) were
significantly different-at:the -.05 level. The Newman -Keuls test was
again used to detect the. specific-pairs of-class totals which differed.
To aid in the present discussion,.the ninth grade class totals on the
Unit 2 retention test are-arranged-in'increasing order of magnitude in
Table 63 (Appendix C, p. ).

The results of the Newman-Keuls test at the .05 level of significance
showed that Classes 8.-and 10- differed. from Classes 13, 2, and 15,

but Classes 8 and 10. did- not:differ-from Class 1 or from each other. Since
Classes 8 and 10 were-both-Method:I classes, there was a trend toward the
superiority of Method-E-,-but- as-nointed;-out-above-the differences among
treatment groups were not-large enough-to be-considered statistically
sig-'ficant. Theresuitealso-shrows that Class 1 differed from Classes 13
and The only two classes within-the-same-treatment which differed
were Class 1 and Class 2, both of-which were Method D classes.
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The only significantratio besides that for the classes factor

was that for the. "achievement level-on the 2 pretest" factor.

The obtained F-ratio for the latter exceeded the critical value of

F
.95

. Hence, the difference between the-pretest-achievement-level
group means on the-retention test was significant at the .05 level.

The mean of. the-"U"-- group-was 27..43, and the mean of the "L" group

was 17496.-7The-difference-waZ-therefore. again in favor of the "U"

group.

Analysis of Variance. for-the Fouv-Factor Factorial Design at the
Llihtl2.L.Grade. Level- on the Unit 2 Achievement Test

In the analysis of the four-factor factorial design at the
eighth grade level "treatments" (T), "echoels" (S), and "achievement

level on the Unit 2 pretest" (A) were treated as -Axed factors.
"Classes" (C), treated as a random factor was considered to be
nested in "treatments" and "schools". The 24 subclasses which

resulted front blocking on these factors were considered to have
elm

nh observations each, where nu was the harmnic mean of the actual

number of students in eadh.preEest-achievement-level subclass.
That is, the "U" subclass of each class was considered to have nh
students and the-"L" subclass of each class was considered to have

nh students. The.value of.nh used in the eighth grade analysis
was 7.17.

Table 64 (Appendix. C, p.155) summarizes the analysis of variance
for the four- factor factorial design at the eighth grade level on .

the Unit 2 achievement test.-- The obtained F-ratio for the treatments

factor did not exceed .the critical value of F
.9

. This indicated

that at the eighth grade-level the differences among treatment means
in achievement in:Unit 2 were-net significant at the .05 level.

Other factors-whoseT-ratios did not exceed the critical values

were as fallows:__ -TS (interaction of treatments and schools),
TA (interaction. of-treatamants-and achiew.aent level on the Unit 2 pretest),
SA ( interaction :of-schools-and achievement level on the Unit 2 pretest),
AC:TS (interat.cion-of achievement level on the Unit 2 pretest and
classes), and- TSA (interaction.-of treatments, schools, and achievement

level on.theiintt- 2 pretest).

The obtained Fnt.tio-for the class factor exceeded the critical
value of F This indicated that some of the differences among
class means for totals)"were significant at the .05 level. The Newman-
Keuls test was used to determine which pairs of class totals differed.

In Table 65 (Appendix -C, p.156) the eighth grade class totals on
the Unit 2 achievement-test are arranged in increasing order of magnitude.
Each class.totaLwas computed. by finding the product of nh and each
subclass mean ant then- addiLg these-two products.



The results of the Newman-Xeuls test on the class totals at the
.05 level of significance were as.--follows:Classes 14, 16, 12 and 17
differed from Class .9; -and-Classes:12 and 17 -differed from Class 18.

Another result of the-analysis: of-vaziance-at the eighth grade
level on the Unit .2.-achievement-tear.was -that the obtained F-ratio
for the "achievement levei-on.--thelinit:2.-pretest" -factor exceeded the

critical valueof-F .0;:---This-.1nditated-that the means of the two
7u u- u-

pretest level, groups:). U. Ammi-.L. ,74iffered'at-the .05-leirel of

significance. _The meanz.m.-t-the--"rgirouP.-itas 28.03;-and the mean of

the "L" group was...21:29::.:_-_Thixis;:-tlie-significant difference was in

favor of the ='U" group.

Analysis of Variance far-the Four-Factor Factorial Design at the
Eighth Grade. Level on-the-Unit 2 Retention Test

An analysis of variance for the four-factor factorial design
at the eighth grade level was performed on the Unit 2 retention data.
Table 66 (Appendix C, p.157) sumarizes the results of this analysis.
The obtained F-ratio for the treatments-factor did not exceed the
critical value of F

.95.
This indicated that at the eighth grade

level the differences among treatment means on the Unit 2 retention
test were not significant at the .05 level.

Other factors whose F-ratios did not exceed the critical values
were as follows: S(schools), TS (interaction of treatments and schools),
TA (interaction of treatments and achievement level on the Unit 2
pretest), SA (interaction of schools and achievement level on the
Unit 2 pretest), and TSA (interaction .of treatments, schools, and
achievement level on the pretest.)

As was the case on the Unit 2 achievement test, the F-ratio
of the classes factor exceeded the-critical value of F.05. This
indicated that some of.the-differences among class means (or totals)
were significant at- he .05 level-..-.the-Newman-Reuls procedure of
determining which specific pairs of class-totals differed was again
applied. As in the preceding analyses, only the results of the
NewmanAeuls test are reported here. Table 67 (Appendix C, p.151)
shows the eighth grade class totals on the Unit 2 retention test
arranged in increasing order of magnitude.

The results of the Newman-Keuls-test at the .05 level of
significance may be summarized as follows: Classes 16, 6, 4, 7, 5,
14, 3, 1.2, and 17 differed from-Class 9 and-Class 17 also difkred
from (lasses 18, 11,-and 16 -at -the .05 level. There were several
instances in which classes within the same treatment differed.
Classes 7 and 12, which were Method E-classes, differed from Class
9, a Method E class also. Class 17, a Method S class, differed
from Classes 18 and 16, which were also Method S classes.
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Ar..te , -.; - ^

The 17-ratio-for- the "achievement level on the Unit 2 pretest"
factor exceeded the-ciltical_value.of F

95
. Hence, the difference

between the means of the two pretest-achievement-level groups, "U"
and "L", was significant at the .05 level. The mean of the "U"
group was 26.56, and the mean of the "L" group was 19.57. This

indicated that the significant difference between means at the .05
level was in favor of the "U" group.

Another result of the analysis on the Unit 2 retention test
was that the F-ratio of the factor AC:TS (interaction of achieve -
rent levels on the Unit 2 pretest and classes) exceeded the critical
value of F ThatThat is, the interaction AC:TS was significant
at the .05.1evel. This indicated that the difference between
pretest-achievement-level subclass means on the Unit 2 retention
test was not the same for every class. In a majority of the classes,
the neal score of the "U" subclass was greater than the mean score
of the "L" subclass. For example, in Class 16, the mean of the
"U" subclass was 30.4 and the mean of the "L" subclass was 11.5.
However, in Class 9, the mean of the "L" subclass (15.4) exceeded
the mean of the "U" subclass (15.0)

Unit 3 Results

The results of Unit 3 are reported in the following manner:
first, those analyses for which the F- values were non-signifi-
cant at the .05 confidence level; second, those analyses for which
the F- values in group mean comparisons were significant at the
.05 level, and third, those analyses for which selected first-
order interactions were significant at the .05 level.

Analyses for Which F-Values Were Non-Significant
in Group Comparisons

When the criterion was achievement in Unit 3, there were no
significant differences among the classification group means when
the data were stratified by (1) student sex, (2) grade level,
(3) treatment (method) within the ninth grade, (4) treatment within
the subset of male students, ( 5) treatment within the subset of
eighth grade boys, (6) treatment within the subset of ninth grade
boys, (7) treatment within the subset of male students of female
teachers, (8) treatment within the subset of female students of
male teachers, and (9) treatment within the subset of male students
of male teachers. Results of the analyses under stratification
by treatment within the ninth grade may be inaccurate due to
significant heterogeneity of regression at the .01 level. All
other results under the stratifications listed above are based on
the analysis of covariance with homogeneity of regression accepted
at the .05 confidence level.

A summary of the preceeding analyses, together with adjusted
comparison group means, are given in Table 68 (Appendix C, p.159 ).
When the criterion was retention in Unit 3, there were no significant
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differences among classification group means when the data were
stratified by (1) method, (2) student sex, (3) grade level, and (4)

treatment within each of the following subsets: (a) eighth grade,

(b) students of female teachers, (c) students of male teachers,
(d) male students, (e) female students, (f) students of School 1,

(g) students of School 2, (h) eighth grade girls, (i) eighth grade

boys, (j) ninth grade boys, (k) female students of female teachers,
(1) male students of female teachers, (m) female students of female
teachers, and (a) male students of male teachers. For all of the

preceeding analyses of Unit 3 retention data, heterogeneity of

regression was non-significant. A summary of the preceeding analyses
of Unit 3 retention data, together with adjusted group means, appears

in Table 69 (Appendix C, p. ).

.
Analyses of Unit 3 for Which F-Values
Were Significant in Group Comparisons

For each stratification of the data the results of the analysis

of covariance are reported first when the criterion was achievement

in Unit 3 and second when the criterion was retention in Unit 3.

Stratification by Treatment (Method)

Table 70 (Appendix C, p.161) presents the analysis of covariance

of the Unit 3 achievement data when the subjects were grouped by method

only. The analysis revealed significant differences at the .01 level

among treatment means and no significant heterogeneity of regression.

Table 71 (Appendix C, p 162) gives the results of the range tests.

There was a significant difference at the .01 level between the means

of the Method D group and the Method E group, a significant difference

at the .05 level between the means of the Method S group and the Method

D group, and no significant difference between the means of the Method

E group and the Method S group. The adjusted means were Mil = 17.38,

ME = 18.92, and MI = 18.73. As shown earlier, the analysTs of co-

variance of the Unit 3 retention data when the subjects were grouped

by method revealed significant differences among neither the treat-

ment group means nor the regression equations.

Stratification by Teacher

Table 72 (Appendix C, p.163) presents the analysis of covariance
of the Unit 3 achievement data when the subjects were grouped by teacher.

The analysis.. showed significant differences at the .01 level among

teacher group means and no significant heterogeneity of regression.
Table 73 (Appendix C, p.164) summarizes the binary comparisons of teacher

group means. Thus, at the .05 confidence level, group means signifi-
cantly differed for Teacher 1 and Teacher 3, for Teacher 1 and Teacher
4, for Teacher 2 and Teacher 5, for Teacher 4 and Teacher 5, for

Teacher 5 and Teacher 6, and at the .01 confidence level the group
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means significantly differed for Teacher 3 and Teacher 5, for
for Teacher 3 and Teacher 7, and for Teacher 4 and Teacher 7.

Table 74 (Appendix C, p.165) presents the analysis of
covariance of the Unit 3 retention data when the subjects were
grouped by teacher. Teacher group means differed significantly
at the .05 level and homogeneity of regression held for the
analysis. The range tests showed that a significant difference
at the .05 level existed between the means of the following pairs
of groups: Teacher 1 and Teacher 5; Teacher 1 and Teacher 6;
Teacher 2 and Teacher 1; Teacher 2 and Teacher 5; and Teacher 2
and Teacher 7.

Stratification of Day

Table 75 (Appendix C, p. 160 presents the analysis of co-
variance of the Unit 3 achievement data when the subjects were
grouped by period of day. The results showed significant differences
at the .05 level among period group means and no significant
differences among regression equations. Four paired comparisons
revealed significant differences. There was a significant
difference between the group means of Period 1 and Period 3, of
Period 2 and Period 4, of Period 3 and Period 4, and of Period 4
and Period 5.

Table 76 (Appendix C, p.167) presents the analysis of co-
variance of the Unit 3 retention data when the subjects were grouped
by the class period in which they took general mathematics. The
analysis showed significant differences at the .01 level among
period group means and no significant heterogeneity of regression.
The results of the range tests revealed a significant difference
at the .01 level between the means of Period 4 and Period 5 only.
However, at the .05 level, there were significant differences
between the means of Period 1 and Period 5, of Period 2 and
Period 5, of Period 3 and Period 5, 0 period 4 and Period 6, and
of Period 5 and Period 6.

Stratification by School

Table 77 (Appendix C, p.169) presents the analysis of covariance
of the Unit 3 achievement data when the subjects were grouped by
school. The analysis indicated a significant difference between
school achievement means at the .01 level. Thus, the adjusted mean
of School 1 (15.93)was inferior to the adjusted mean of School 2
(19.15)
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Table 78 (Appendix C, p.170) presents the analysis of covariance

of the Unit 3 retention data when the subjects were grouped by school.

The analysis indicated a significant difference between school retention

means at the .01 level. These retention means were consistent with

those for achievement since the adjusted mean for School 1 was 15.93

and the adjusted mean for School 2 was 17.04.

Stratification by Method Within the Eighth Grade.

Table 79 (Appendix C, p171 ) presents the analysis of covariance

of the Unit 3 achievement data when the eighth grade subjects were

grouped by method of instruction. There were significant differences
at the .05 level among treatment means and no significant heterogeneity
of regression. There was a significant difference between Method D
and Method E and between Method D and Method S but no significant
difference between Method E and Method S. As was shown previously,
there were significant differences at the .05 level among neither
treatment means nor regression equations when the criterion was
retention.

Stratification by Method Within the Ninth Grade

Table 80 (Appendix C, p. 172) presents the analysis of covariance
of the Unit 3 retention .data when the ninth grade subjects were grouped
by method. There were significant differences among the retention
means at the .01 level with no reason to suspect homogeneity, of
regression. Further analyses revealed a significant difference between
Method D and Method E at the .01 level, a significant difference between
Method E and Method S at the .05 level. These results and the adjusted
retention means are listed in Table 81 (Appendix C, p. 173 )

Stratification b Method Within the Female Teacher Sub rou.

Table 82 (Appendix C, p. 175) presents the analysis of covariance
of the Unit. 3 achievement. data when the subjects of the female
instructors were grouped by method. The analysis showed significant
differences at the .01 level among treatment means and no significant.
differences -among regression equations. Table 83 (Appendix C, p. 176)
summarizes the results of. the range tests. These results showed
Method E superior to Method D at the,.01 level, but Method S superior
to Method to at the .05 level, and Method E superior to Method S at
the .05 leVel.

. The analysis .of covariance of the Unit 3 retention data when
the subjects of the female- instructors were grouped by method was
presented earlier.. In contrast to the striking differences among
achievement. means, no significant differences existed among retention
means.
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Stratification by Method Within the Male Teacher Subgroup.

Table 84 (Appendix C, p.177) presents the analysis of co-

variance of the Unit 3 achievement data when the subjects of

male instructors were grouped by method. The analysis indi-

cated significant differences at the .05 level among achievement

means. However, heterogeneity of regression was significant

at the same confidence level. Also, as previously reported

there were significant differences at the .05 level among

neither retention means: nor regression equations When'ihe

criterion was retention.

Stratification by Method Within the Female Student Subgroup

Table 85 (Appendix C, p.178) presents the analysis of

covariance of the Unit 3 achievement data when the female subjects

were grouped by method. There were significant differences

at the .05 level among treatment means. Further analyses showed

Method E superior to Method D and Method S superior to Method

D at the .05 level and no significant difference between Methods

E and S.

Stratification by Method Within School 1.

Table 86 (Appendix C, p.179) presents the analysis of co-

variance of the Unit 3 achievement data in School 1 when the

subjects were grouped by method. Although the analysis indicated

that treatment means differ at the .01 level, heterogeneity of

regression existed at the same level. The adjusted means of

MM= 17.03, M 18.61, and = 18.71 suggested significant

efferences,'but the technique by which they were derived was

probably inappropriate for this classification of the data.

Stratification by Method Within School 2.

Table 87 (Appendix C, p.180 presents the analysis of covariance

of the Unit 3 achievement data when the subjects of School 2 were

grouped by method. There were significant differences at the

.05 level among the achievement means at School 2 and no significant

differences among. regression equations. Results shoved that

Method D and Method E group means differed, but neither the

Method D nor the Method E group mean differed from the Method S

group mean.

Stratification by Method Within the Eighth Grade Female Student

Subgroup.

Table 88 (Appendix C, p. 18]) presents the analysis of covariance

of the Unit 3 achievement data when the eighth grade girls were

grouped by method. The analysis showed significant differences among

the treatment means at the .05 level. Results of the range tests,

63



showed that the mean of the Method E group was significantly greater'
than the mean of the Method D group and that there was no signi-
ficant difference between the means of either the Method D and
Method S groups or the Method E and Method S g.oups.

Stratification by_Method Within the Ninth Grade Female Student

12128Youp-

Table 89 (Appendix C, p.182) presents the analysis of covariance
of the Unit 3 achievement data when the ninth grade girls were
grouped by method. The results indicated that there were signi-
ficant differences among the adjusted means. However, heterogeneity
of regression was significant at the .01 level indicating that the
results were unreliable, perhaps inaccurate.

Table 90 (Appendix C, p.18) presents the analysis of covariance
of the Unit 3 retention data when the ninth grade girls were grouped
by method. The analysis showed significant differences at the .05
level ammg treatment means and no significant heterogeneity of
regression. When subjected to further analysis, a significant dif-
ference was found to exist between the means of the Method D
group and the Method E group only.

Stratification by Method Within the Female Students of Female Teachers
Subgroup:

Table 91 (Appendix C, p.184) presents the analysis of covariance
of the Unit 3 achievement data when the female students o.;: female
instructors were grouped by method of instruction. The analysis
showed significant differences among the treatment means at the .01
level and no-dignificant heterogeneity of regression.

of
results

of the multiple range tests indicated that the means of the Method
D group, and the Method E group differed at the .01 level, the means
of the Method E group and the Method S group differed at the .05
level, and the means of the Method D group and the Method S group
did not significantly differ.

Analyses for Which Selected First-Order
Interactions were Significant

For achievement in Unit 3, there were two significant, first-
order interactions. The first significant first-order interaction
was between method and teacher at the .01 level and is presented in
Table 92 (Appendix C, p.l85). Thus, teacher and method did not
exercise separate and independent effects upon achievement in Unit
3 by the eighth and ninth grade general mathematics students. The
interaction is shown disaramatically in Figure 8 (Appendix D, p. 201)
Notice that the means of the Method D group and the Method E group
exchanged order relation from Teacher 3 to Teacher 6, and the means
of the Method E group and the Method S group exchanged order relations
from Teacher 1 to Teacher 7.
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Table 93, (Appendix C, p.186) presents the two-way analysis

of variance of the Unit 3 achievement data with factors teacher

and mental ability level. The analysis revealed a significant

interaction at the .05 level between the two factors. Thus,

relative order of achievement in Unit 3 by the different mental

ability groups varied-fibm teacher to teacher as illustrated in

Figure 9 (Appendix D, p.202). Notice in Figure 9 that the ability

groups retain their relative positions across teachers but do not

vary uniformly. Notice that the average and high ability group

means have similar variations, while the low ability group

tends in opposite directions for Teachers 1, 2, 3, and 7.

Table 94 (Appendix C, p.187) presents the two-way analysis

of variance of the Unit 3 retention data when the subjects were

grouped by method and teacher. The analysis indicated a signi-

ficant interaction, at the .01 level, between method and teacher.

Thus different teachers had different effects upon retention by

the various ability groups. This interaction is illustrated

graphically in Figure 10 (Appendix D, p.203). The results showed

that the order was reversed for the adjusted means (a) of the

Method D and Method S groups from Teacher 2 to Teacher 4, (b) of

the Method D and Method E groups from Teacher 3 to Teacher 6,

and (c) of the Method E and Method S groups from Teacher 1 to

Teacher 7.

Table 95 (Appendix C, p.188) presents the analysis of

variance of the Unit 3 retention data when the subjects were

grouped by method and. mental ability level. The analysis showed

a significant interaction between the two factors at the .05

level. This interaction effect is illustrated in Figure 11

(Appendix D, p.204). The adjusted means indicated (a) that

below average IQ subjects retained Unit 3 best under Method S

and poorest under Method E, (b) that the average IQ subjects

retained Unit 3 equally well under Methods D and E but slightly

better under Method S, and (c) that the above average IQ sub-

jects retained best under Method E and poorest under Method D.

Thus the data indicated that the effectiveness of Method E,

relative to Methods D and S, on retention of Unit 3 increased

directly with intelligence.

Table 96 (Appendix C, p.190) presents the analysis of

variance of the Unit 3 retention data when the subjects were

grouped by teacher and prior general mathematical achievement

level. This analysis revealed a significant interaction (at the

.01 level) between the two factors. Thus, the interaction of

the factors produced effects which were not separate and

independent. Figure 12 (Appendix D. p. 205) indicates that the

effect of Teacher 5 on retention of Unit 3 was greater on the

low achievement group than that of the other teachers. The

relative effectiveness of each of the other teachers on the

various achievement level groups was consistent.
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Table 97 (Appendix C, p. 190) presents the analysis of variance
of the Unit 3 retention data when the subjects were grouped by teacher
and mental ability level. This analysis revealed a significant
interaction at the .01 level between the factors teacher and mental
ability. Thus, the factors did not exercise separate and independent
effects upon retention of Unit 3,as sho$n in Figure 13, (Appendix D,
p. ). The effect of Teacher 5 on the retention of the low IQ
group was inconsistent with the effects of the other teachers on
groups with the same mental ability level.

Analysis of the Student and Teacher
Attitude Data

Table 98 (Appendix C, p.191) lists the teacher attitude pretest
scores (X

pre
), attitude posttest scores (X

ost
), the difference scores

?
p

(D)1, the squared difference scores (D'), and a t-test of the null
hypothesis that there is no change in teacher attitude (the population
difference in zero). Since 1 tl (the absolute value of t) is less than
t
.95

= 1.94, the null hypothesis is accepted.

The t-test was also applied to the student data collected by
Dutton's "Attitude Toward Mathematics Scale". The analysis included
only those students for whom all other data were available (N = 294.)
For each student, a "gain" score was computed by subtracting the score
made when the scale was used as a pretest from the score made when
the scale was used as a posttest. The 294 students were partitioned
into six groups (8th grade -Method D, 8th grade - Method E, 8th grade-
Method S, 9th grade-Method D, 9th grade-Method E, 9th grade-Method S),
and the hypothesis that mean gain score was zero was tested for each
of the six groups. The results of the t-tests are summarized in
Table 99 (Appendix C, p. 194).

The obtained value of t was non-significant in each case.
Hence, for each group named above, the data supported the hypothesis
that the mean gain score was zero.



CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

The conclusions reached from the results of statistically
testing the research hypotheses, when stated in the null form,
constitutes the first major section of this chapter. Recommendations
for use of, and further research related to, the present study
follow the conclusions.

Conclusions

The conclusions of the study are presented first in order by
, unit and then for the entire study.

Unit 1

The results of the study suggested that method of instruction
had no differential effects upon achievement for the following
groups: (a) School 2; (b) male students; (c) grade male
students; and (d) male students of female teachers. Also,method of
instruction had no differential effects upon retention for the
following groups: (a) male students; (b) eighth grade male
students ;(c) ninth grade male students; (d) male students of female
teachers; and (e) male students of male teachers. The variables
(a) sex of student, (b) grade level, and (c) period of day did
not effect achievement.in Unit 1 and the variables (a) sex of
student and (b) grade level did not effect retention in Unit 1.

The results of the study revealed differential effects of the
treatments (methods) upon achievement for several stratifications
of the data. The most common results of the effects showed Method
D achievement inferior to Method E and Method S achievement but
no difference in achievement of Method E and Method S. These results
were found by the following stratifications of the data: (a) treat-

ment; (b) treatment within the students of female teachers;
(c) treatment within the eighth grade female students; and (d) treat-
ment within the female students of female teachers. Treatment also
exerted differential effects upon retention for many stratifications
of the data. Again, the most common results showed Method D retention
inferior to Method E and Method S retention but no real difference
between Method E and Method S retention. These results were found
by the following stratifications of the data: (a) treatment; (b) treat-
ment within the eighth grade; (c) treatment within the ninth grade;
(d) treatment within the female teachers; (e) treatment within the
students of male teachers; (f) treatment within the female students;
(g) treatment within School 1; (h) treatment within eighth grade
girls; (i) treatment.within ninth grade girls; (j) treatment
within female students of female teachers; and (k) treatment within
female students of male teachers. Thus method of instruction had a
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differential effect upon both achievement and retention by the female
subjects but not the male subjects. This conclusion was drawn on
the basis of those analyses for which homogeneity of regression was
accepted.

Student sex and grade level exerted differential effects upon
neither achievement nor retention in Vait 1. The variables teacher
and school exercised differential effects upon both achievement and
retention, and period of day exercised differential effects upon
retention. However, these variables were confounded in the design
of the study and thus no conclusions can be drawn concerning the
effectiveness of these variables. The results of the analysis for
which the basic assumption of homogeneity of regression was suspect
suggested the same general results as stated above.

The covariates were found to be good predictors, when pooled
and applied collectively, of student achievement and retention.
When classified and inserted as factors in a two-way analysis of
variance, prior general mathematical achievement was found to be
the one best predictor of achievement and retention. Stratification
by each of the classification variables generally yielded the
expected results.. However, -there were instances of a significant
first-order interaction between variables.

Unit 2

Included among the hypotheses of Unit 2 that were not supported
by the data were the hypotheses designed to test the relative
effectiveness of the three teaching methods (Method D, Method E,
and Method S), upon achievement and retention in Unit 2 by (a) the
composite population, (b) the population of ninth grade students,
and (c) the population of eighth grade students. tSpecifically,
the two hypotheses stated fog each of the threes populations were:
(1) that the three treatments (teaching methods) have a differential
effect upon achievement in the selected content, and (2) that the
three treatments have a differential effect upon retention in the
selected content. The two remaining hypotheses which were not
supported by the data pertained to the population of eighth grade
students and stated that the two schools (School 1 and School 2)
have a differential effect on achievement and/or retention and
(b) achievement and/or retention of students who score at or above
the Unit 2 pretest median differs from the achievement and/or
retention, respectively, of students who score below the Unit 2
pretest median.

Thus, in Unit 2, neither of the three teaching methods (Method
D, Method E, and Method S) was found superior to one or more of the
other two methods. Also, students who scored at or above the 50th
perceutile on the Unit 2 pretest scored significantly higher on
both the achievement and retention tests of Unit 2 than the students
who scored below the 50th percentile on the Unit 2 pretest.



Unit 3

The results of the study suggested that method of instruction

had no differential effects upon achievement for the following groups:

(a) male students; (b) eighth grade male students; (c) ninth grade

male students;(d) male students of female teachers; (e) female

students of male teachers, and (f) male students of male teachers.

Method of instruction had differential effects upon achievement

for the following groups: (a) total sample; (b) eighth grade

subjects; (c) subjects of female teachers; (d) female students;

(e) School 2 students; (f) eighth grade female students; and (g)

female students of female teachers. Thus method had differential

effects upon female student achievement in Unit 3 but not upon

male student achievement. The results generally showed Method D

inferior to each of Method E and Method S, Methods E and S about

equally effective, and Method E occasionally superior on achievement

to Method S. These results indicated that achievement in Unit 3

was generally superior for the female subjects when a moderate degree

of guidance was rendered. Achievement was poorest for the female

subjects when a minimum degree of_guidance was rendered. And,

degree of guidance was immatarial relative to achievement by the

male subjects of the study.

Treatment produced differential effects upon retertion for

Iractically no groups. For the ninth grade subjects aethcd effects

on retention were detected, but these effects were found to apply

only to the female students in the ninth grade. Method D was

slightly inferior to Method E, but not to Method S for the ninth

grade female subjects. For no group of male subjects were differential

effects produced by method of instruction.

The variables student sex and grade level exerted differential

effects upon neither achievement nor retention in Unit 3. The

variables teacher, period of day, and school each exerted differential

effects on both achievement and retention. No conclusions can be

drawn from the effects of these three variables since the variables

were confounded in %lie design of the study.

The covariates were effective predictors, when pooled and

applied collectively, of both student achievement and retention.

When each covariate was classified into three levels and treated

as a factor in the two-way analyses of variance, prior general
mathematical achievement was isolated as the one best predictor

of both achievement and retention. Stratification of the data by

each of the classification variables generally yielded expected

results, but there were instances of first-order interactions.



General Conclusions

Based on the results of all three units, neither of Methods

D, E, and S is superior or inferior. relative to each other, in

teaching the selected content of this study to male eighth and/or

ninth grade general mathematics students when the criterion is

achievement of retention in the selected content. (Retention here

measured'by an achievement test delayed about five weeks after

t -...mediate posttest.) The results pf the study were not so

dear cut for the female students. The results of Units 1 and 3
would suggest the conclusion that Method D is slightly inferior

to each of the other two methods when the criterion is female

student achievement. Unit 2 results indicate no differences

among the methods, not supporting the results of Units 1 and 3.

Eighth grade female student retention was affected by method of

instruction only in Unit 1. These results suggested that after

a period of adjustment eighth grat'e female students retention in
e.e selected content is not significantly affected by method of

instructi_w_. Ninth grade female student retention was not

affected by method only in Unit 2. On the other hand, when several
other subsets of students in the study involved ninth grade
girls (such as the entire sample,the female students, the female
students of female teachers, and the female student of male
teachers), method had no differential effect upon retention. Thus,

method of instruction had a very small differential effect upon
retention in the selected content of Units 2 and 3.

In each unit teacher fidelity to his assigned teaching
methods was somewhat less than desired. However, the rating
scales were rather crude and fidelity did seem to increase in

successive units.

There were nonsignificant changes in attitude toward mathe-

matics for either teachers or students. Thus method of instruction
had no differential effect upon either teacher or student attitude
toward mathematics.

Recommendations

For practical use or re-evaluation purposes the following
implications are suggested:"

1. the results of:this study do not support the theory that
less-directed methods and more-directed methods (to the
extent that Methods D, E, and S can be considered charact-
eristlyt of more directed and less directed methods in
general) are differentially effective with general mathe-
matics students. when effectiveness is measured in terms
of paper-and-pencil-achievement tests delayed approximately
six weeks to measure retention.
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(2.) The results of this study do not support the theory that
more-directed methods are inherently superior to less-
directed methods in producing achievement on immediate
posttest by male students (incon'1 Live for female students).

(3.) The results of this study do not support the theory that
less-directed methods are inherently superior to more-
directed methods in producing achievement on delayed posttests.

(4.) The results of this study support the theory that the more
able general mathematics students (in terms of pretest
performance), as compared with the less able students,
demonstrate superior achievement on paper- and - pencil-

achievement posttests regardless of whether they are
taught by =redirected methods or less-directed methods.

(5.) The teaching methods described in this study provide
the classroom teacher with at least three different
approaches to teaching general mathematics. Perhaps
one of these methods, or a combination of them, could
be used as a model in planning for instruction in other
content areas. The teacher may find that one approach
is more suitable for a certain body of content than another.
Or, one approach may seem to suit the personality of a
particular class more so than another. At any rate, the
models are available to classroom teachers, and each teacher
may use his own judgment in applying the models; and

(6.) If the classroom teacher uses the instructional materials
and measuring instruments employed in this study, he can
probably expect the students who score higher on the
Pretest to maintain their superiority on the two post-
tests. The Pretest might serve as a basis for intraclass
grouping. and would thus allow the teacher to tailor his
instructiom to the needs of the different Pretest-achieve-
ment-level groups.

The recommendations presented below should be accepted only under
the limitations of the study and applied only to related learning
situations where the mathematics, the teachers, the students, and
the environment have been closely paralleled.

(1) The eighth or ninth grade general mathematics teacher should
feel free to use any one of Methods D, E, and S without fear
of significant deprivation of student retention due to
method of instruction, provided the instructional period is
for approximately six weeks or more.
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(2.) For a short period of instruction
D should not be substituted for a
on a group composed of female, or

subjects. However,- Methods E and

for groups of this type.

(up to 3 weeks), Method
conventional method
predominately female,
S were equally effective

(3.) For a group of male, or predominately male, eighth or
ninth grade general mathematics students the choice of
method .of instruction--Method D, Method E, or Method S --
should be determined by factors other than effects of
the method on achievement or retention in the selected
content regardless. of the length of the instructional
period.

. (4.) Only achievement and retention in the selected content
were evaluated in this study. Similar studies should
be _conducted with-criterion variables such as critical-
thinking, mathematical reasoning, transfer of learning,

.- and learning "how. to discover."

(5.) More stringent techniques than those of this study should
be employed to ensure teacher fidelity to assigned teaching

methods. The results suggest that the teachers involved
in a methods-study should be instructed for more than two
sessions before participating in an instructional program
involving two or more methods. It is also recommended that
they actually teach by the methods under the supervision
of the researcher prior to the instructional period of

the experimental study. If a student is to rate classroom
procedures, it is recommended that he be instructed in
discriminating among the various types of classroom
behavior and given actual rating practice under super-
vision.

(6) Although the reliability coefficients of the criterion
instruments were satisfactory, they were somewhat less

than desired in Units 1 and 3. If the tests are to be
used again, it is suggested that they be refined and
more items added in order to elevate their reliabilities.

Also, the criterion measures used in this study should be
modified to include items which would indicate how a student
arrived at his answers and whether a student solved a problem
by applying a mathematical principle.
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(7.) The teaching methods in this study were compared on the
basis of student achievement and retention in the selected
content. A study using the selected content, but using
different criteria for comparison, such as "increase in
quantity or quality of creative and independent thinking,"
"attainment of intrinsic rewards," or "ability to apply
the mathematical principles in laboratory-type problems,"
is in order.

(8.) The teaching methods developed for use in this study should
be compared at other grade levels using students of
varying maturity in mathematics.

(9.) Since classes were nested in treatments in this study, the
design did not allow an examination of possible interactions
between classes and treatments. Future studies should be
designed to allow investigation of whether treatment effects
differ from class to class.

(10.) At the completion of this study, several of the participating
teachers expressed the belief that "some kinds of student
personalities" seem to react more favorably to a particular
method than "other kinds of student personalities." A
study of the kinds of student personalities which react
favorably and unfavorably to the teaching methods is recom-
mended.
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COPY

May 3, 1967

James D. Gates, Executive Secretary
National Council of Teachers of Mathematics
2101 Sixteenth Street, N.W.
Washington, D.C.

Dear Mr. Gates:

We are planning to coLtducL an in-service institute for teachers
of "general mathematics" in the Bibb County (Macon), Georgia, area
during 1967-68, and we wish to explore the possibility of using
modifications of Experiences in Mathematical Discovery with the
students (approximately 500) of the participating teachers.

The study we envision now is to evaluate the effectiveness
of several teaching procedures and how these procedures interact
with concurrent training of teachers. After reviewing several
sets of instructional materials, we feel that the EMD series
would provide the best content basis for the general mathematics
students with whom we would be working.

We are requesting permission to construct and use modified
versions of the first five pamphlets of the EMD series. The
modifications would be constructed so as to facilitate a compari-
son of four different teaching methods based on increased amounts
of guidance in the discovery process. The modifications would
consist of both duplicating and paraphrasing the content in the
pamphlets.

I have recently discussed this proposal with Dr. Donovan
Johnson at the Las Vegas Convention. He suggested that I officially
request permission to use these materials as described above.

LP:WDM:hk
cc: Dr. Donovan Johnson
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Sincerely,

Len Pikaart, Chairman
Mathematics Education

William D. McKillip
Assistant Professor of Mathematics

Education



COPY

Dr. Len PikaLtt
The University of Georgia
College of Education
Athens, Georgia

Dear Dr. Pikaart:

May 22, 1967

At a meeting of the Executive Commiteee last week, permission
was granted for the procedures outlined in your letter of May 3
involving the reproduction of portions of our publication entitled
"Experiences in Mathematical Discovery". We would appreciate it
if you could send copies of the results of this project as I am
sure our Board of Directors and some of our committees would be
interested in them.

JDG/haw
cc: Dr. Donovan A. Johnson

Sincerely yours,

//s//

James D. Gates
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APPENDIX B

LESSON 8

(Sample Lessons)



LESSON 8 (METHOD D)

In this lesson we are going to study a special type of polygon

called a triangle. We have learned that a triangle is a 3 sided

polygon. We are going to compare the measures of the angles of

triangles. As you do this lesson, try to find a relationship

between the measures of the angles of triangles.

You will need your straight edge and protractor to do this

lesson. If you have forgotten how to use a protractor, be sure to

ask your teacher for help. Success in this lesson depends on being

able to measure angles with a protractor. So, be very careful when

measuring angles.

Discussion 8

Make all measures to the nearest degree.

1. Look at the triangle
in Fig. 8.1.

a. Measure LA. mLA =

b. Measure A. mL B =

c. Measure LC. BIZ Cs'

d. Add your answers to parts

a, b, and c.

mLA +1aLB + mAtC =

2. Look at the triangle
in Fig. 8.2

a. Measure LD. m LD

b. Measure LE. m LE =

c. Measure /F. m L F =

d. Add your answers to parts

a, b, and c.

mLD + mZE +miF
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3. Look at the triangle
in Fig. 8.3.

a. ta G =

b. mLH =

c. m =

d. mLG+mL11+ mLI

4. Look at Fig. 8.2.

a. mLP =

b. mLQ =

c. mLR

d. mLP + mZQ + mZ,R =

Fig. 8.3

5. Fill in the table below from numbers 1-4 of Discussion 8.

Triangle Measures of angles Sum of
measures
of angles

Fig. 8.1

Fig. 8.2

,

lig. 8.3

_4

30° 60° 90°

x.8.4 , :

Do you see a pattern in the "sum of measures of angles" column
of the table? (Note:: There may seem to be a pattern except
for the sum being different by a few degrees. This is probably
due to errors in measurement. Overlook small differences and
try to find the pattern.)
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6. What do you predict the
sum of the measures of the
angles of triangle PQR to
be?

Check your guess by measuring
each angle and then adding
them.

a. mLP =

b. mLQ =

c. mLR =

d. mLP + inLQ + mLR P

7. Do you.think you know the sum of the measures of the angles
of a triangle without measuring the angles?

8. One side of the triangle in
Fig. 8.5 has been extended.

a. Are Lx and Ly a linear
pair of angles?

b. We know that mLx + m Ly = 180°

c. We also know
nLx. + m/s + mLx = 180°

d. So, if mLx = 80°,
mLy go 100° .

And with mLx = 80°
mLr + mLs = 100°.

e. Suppose MLX = 90°

Then mLy =

And, mLr + mLs

9. A side of Fig. 8.6 has been
extended to form Ld.

a. AreLd andAN a linear pair?

So, mtb + mLd =

b. We know that mLa + mLb + sL c =
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c. If mil) = 100°, then ToLd =

Also, if mLb = 100°, then

m + mtc

d. If mL.b = 10°, then mLd

Also, if mLb = 10°, then

InLa + mt.c

10. Use your protractor on Fig. 8.7 to complete the statements be-
low.

a. mLf =

b. mLe
Fig. 8.7

c. Add your answers to parts a and b.

m4(f + mLe =

d. mth m

e. Compare your answers to parts c and d.

(Errors in measurement may cause a difference of a few degrees.
With this in mind you should be able to see a relationship.

11. Given any triangle like the triangle in Fig. 8.8, do you think
there is a relationship between angle u and angles r and s?
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LESSON 8 (METHOD E)

In this lesson, we are going to study a special type of polygon
called a triangle. We have learned that a triangle is a three-sided
polygon. We are going to compare the measures of the angles of
triangles. As you do this lesson, try to find a relationship between
the measures of the angles of triangles.

You will need your straight edge and protractor to do this lesson.
If you have forgotten how to use a protractor, be sure to ask your
teacher for help. Success in this lesson depends on being able to
measure angles with a protractor. So, be very careful when measuring
angles.

Discussion 8

Make all measures to the nearest degree.

1. Look at the triangle in Fig. 8.1.

a. Measure LA. ,L A =

b. MeasureLB. LB =

c. Measure-LC. LC =

d. Add your answers to parts a, b, and c.
m LA + mLB + mLC a=

2. Look at the triangle in Fig. 8.2.

a. Measure L D. m L D =

b. Measure LE m LE =

c. Measure LF. m LF a

d. Add your answers to parts a, b,

and c. mLD + m4!E + mLF =

3. Look at the triangle in Fig. 8.3.

a. m LG = .

b. mLH = .

c. m LI =

d. m LG + mL171- 1: m L I= .
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4. Look at Fig. 8.4

a. m LP =

b. m LQ

c. mLR =

d. + mLQ +fliZR =

5. Fill in the table below from numbers 1-4 of Discussion 8.

Triangle Measures of angles Sum of
measures
of angles

Fig. 8;1

Fig. 8.2

. ,

i-

lig. 8.3 30° 60' 9(P

Fig. 8.4

m

Do you see a pattern in the "sum of measures of angles" column
of the table? Mote: There may seem to be a pattern except
for the sum being different by a few degrees. This is probably
due to errors in measurement. Overlook small differences and try
to find the pattern.:)

6. What do you predict that the sum of the measures of the angles
of triangle PQR will be?

Check your guess by measuring each angle and then adding them.

a. mLP =

b. miA =

c. mLR =

d. m LP + mLQ + mLR =

7. Notice that the sum of the measures of the
angles of any triangle is 180 degrees.

8. One side of the triangle in Fig. 8.5 has
been extended.

a. Are Lx andiy a linear
pair of angles?

b. We know that mix + mLy = 180°

c. We also know m L r mLs t m Z. 180°
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d. So, if mLx = 80°, mLy =

And with mLx = 80°, miLr + meLs = 100°

e. Suppose mLx = 90°. Then mLy =

And, mLr + mLs =

9. A side of Fig. 8.6 has been
extended to form Ld.

a. Are Ld and Lb a linear pair?
So, miLb + mLd =

b. We know that mLa + mLb + m Lc =

c. If m1Lb = 100°, then m"..d +

Also,if mALb = 100°, then

m4La + mLc =

d. If mL b = 10°., then m Ld =

Also, if mLb =710° then

mla + rnLc =

10. Use a protractor on Fig. 8.7 to complete the
statements below.

a. m Lf =

b. m Le =

c. Add your answers to parts
a and b. mi_f + TriLe =

d. mLh =

e. Compare your answers to parts c and d. Fig. 8.7

(Errors in measurement may cause a difference of a few degrees.
With this in mind you should be able to see a relation-

,

ship.)
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I.

11. Notice that in a triangle, like the one in Fig. 48,
=1114u.

LESSON 8 (METHOD S)

In this lesson we are going to study a special type of polygon
called a triangle. We have learned that a triangel is a three-sided
polygon. A triangle has many interesting properties. We will look
at two of the properties in this lesson.

Property 1. The sum of the measures of the angles of
any triangle is 180 degrees. That is, if we add the
measures of the three angles of any triangle, we will
always get 180°.

Example 1. Triangle ABC has
angles that each measures 60°. So the
sum of the measures if 60° + 60° + 60° or 180°.

Measure one of the angles of triangle
ABC with your protractor.
What measure do you get?

Problem 1. Measure the angles of
triangle DEF. Find the sum of the
measures of the angles.

a. mLD =

b. mLE =

c. mLF =

d. m ZD + mZE + mLF =

(Note: Your sum of the measures of the angles may not be
exactly 180°. Measuring errors can cause the sum to be a
few degrees off. So, overlook small differences.)



Example 2. Two of the angles of triangle GHI have measures of
90° and 60°. What is the measure of the third angle?

Since the sum of the measures of the angles if 180°, we sub-
tract mL.H + m LI from 180° to get m L G. Now, mLH + m LI = 90°
+ 60° = 150°. And 180° - 150° is 30°.
So, mA!G = 30 °.

60°

190°
H

Problem 2. Measure angles P and Q of triangle PQR.
Without measuring LR, determine what its measure is.
mALR =

P

Problem 3. Two angles of
triangle RST have the same
measure. Without measuring,
determine the measures of
Ls and LT.

a. m LR = 30°.

b. m LS =

c. m LT

Property 2. Given a triangle
like the one in Fig. 8.1, mA/r +
mLs = mLu.

Notice that this does not say
that mLs MA6t = mLu, nor does it say
that mLr + mLt = mLu. The position of
the two angles whose sum is mALu is
important.
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Example 1. In Fig. 8.2, suppose
mLr mm 70° and mLs = 50°. What is
mLy?

By Property 2, mLy = mLr + mLs.
Now, mLr + mLs = 706 + 50° = 120°.
So mLy = 120°.

Problem 1. What is the measure of
Ld in Fig. 8.3?

Problem 2. Use Property 1 from the
first part of this lesson to find
mi_e in Fig. 8.4.

Now use Property 2 to find m1.11.

Fig. 8.2

Fig. 8.4

Exercise 8 (Method D, E, and S)

You are to work these problems without the use of a protractor.

1. In the figure to the right,
mL A + mLB + mLC

2. In the figure to the right, suppose

mL A = 70° and mLB = 30°.
What is the measure of 2:C?
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3. In the figure above, suppose mLA = 40°
and mLB = 90°. What is mL.C?

4. Is it possible for mLA = 100° and
mLB = 100°?

Explain your answer.

5. In the figure to the right,

a. roLx + mLy + mZz

b. mLy + m4Lz =

c. mZx =

6. In the figure below,

a. mLa =

b. m4Lc + mid =

c. m Lb =
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APPENDIX C

Tables



TABLE 3

WEIGHTS FOR THE INITIAL FORMS OF THE

OBSERVER RATING SCALE (ORS) AND STUDENT RATING SCALE (SRS)

Item Method D Method E Method I

1 +1 -1 0

2 -1 -1 +1

3 -1 +1 -1

4 +1 0 -1

5 -1 +1 0

6 +1 -1 -1

7 0 -1 +1

8 -1 0 +1

9 -1 +1 -1

10 -1 +1 0
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TABLE 5

SCORES ON THE INITIAL FORM OF THE OBSERVER

RATING SCALE (UNIT 1)

Teacher

1

2

3

4

5

6

7

Method D Method E Method I

0 +1

+2 +1

+1 +1

+1 0

+3,+3 -1,0

+3,+3 +1:+2

+1,+1 -3.0

NOTE: (1) In each row one cell is empty since each
teacher taught by two methods.

(2) Non -empty cells of Teachers 5, 6, and 7

have two scores.
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TABLE 7

PROPORTION OF CONFIRMING RESPONSES (C) ON

THE UNIT 2 DATA OF THE OBSERVER RATING SCALE

FOR EACH TREATMENT GROUP

Treatments
a

D (Classes 1, 2, 5, and 6)

E (Classes 9, 10, 11, 12)

S (Classes 13, 15, 17, 18)

14/28 or 0.50

9/28 or 0.32

13/28 or 0.46

a
C = sum of responses withing treatment group which indicated adherence -

total number of responses within treatment group

For example, 14 of the 28 responses for the group taught by Method D
indicated adherence to Method D; thus,

C = 14/28 = 0.50.
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TABLE 10

WEIGHTS FOR THE UNIT 3 STUDENT RATING SCALE

Item
Method D Method E Method I

ABCDE ABCDE ABCDE

1 2 1 0 -1 -2 -2 1 2 1 -2 -2 1 2 1 -2

2 2 1 0 -1 -2 -2 1 2 1 -2 -2 1 2 1 -2

3 -2 -1 0 1 2 2 1 0 -1 -2 2 1 0 -1 -2

4 -2 -1 0 1 2 -2 -1 0 1 2 2 1 0 -1 -2

5 -2 -1 0 1 2 -2 -1 0 1 2 2 1 0 -1 -2

3 1 2 0 -1 -2 1 2 0 -1 -2 1 2 0 -1 -2

7 -2 -1 0 1 2 2 1 0 -1 -2 -2 1 0 1 2

8 -2 -1 0 1 2 2 1 0 -1 -2 2 1 0 -1 -2

9 -2 -1 0 1 2 2 1 0 -1 -2 -2 -1 0 1 2

10 -2 -1 0 1 2 2 1 0 -1 -2 -1 1 2 -1 -1

11 -2 -1 '0 1 2 -2 -1 0 1 2 2 1 0 -1 -2

12 -1 0 1 2 -1 0 2 0 -1 -1 0 2 0 -1

13 -2 -1 0 1 2 -2 1 2 1 -2 2 1 0 -1 -2

14 -2 -1 0 1 2 2 1 0 -1 -2 -2 -1 0 1 2

15 2 1 0 -1 -2 -2 -1 0 1 2 -2 -1 0 1 2
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TABLE 11

WEIGHTS FOR THE UNIT 3 OBSERVER RATING SCALE

Item

Method D Method E Method I

ABCDE ABCDE ABCDE

1 2 1 0 -1 -2 -2 1 2 1 -2 -2 1 2 1 -2

2 2 1 0 -1 -2 -2 1 2 1 -2 -2 1 2 1 -2

3 -2 -1 0 1 2 2 1 0 -1 -2 2 1 0 -1 -2

4 -2 -1 0 1 2 -2 -1 0 1 2 2 1 0 -1 -2

5 -2 -1 0 1 2 -2 -1 0 1 2 2 1 0 -1 -2

6 1 2 0 -1 -2 1 2 0 -1 -2 1 2 0 -1 -2

7 -2 -1 0 1 2 2 1 0 -1 -2 -2 -1 0 1 2

8 -2 -1 0 1 2 2 1 0 -1 -2 2 1 0 -1 -2

9 -2 -1 0 1 2 2 1 0 -1 -2 -2 -1 0 1 2

10 -2 -1 0 1 2 2 1 0 -1 -2 -1 1 2 -1 -1

"11 -2 -1 0 1 2 -2 -1 0 1 2 2 1 0 -1 -2

12 -2 -1 0 1 2 -1 0 2 0 -1 -1 0 2 0 -1

13 -2 -1 0 1 2 -2 -1 0 1 2 2 1 0 -1 -2

14 es2 -1 0 1 2 2 1 0 -1 -2 -2 -1 0 1 2

15 2 1 0 -1 -2 -2 -1 0 1 2 -2 -1 0 1 2

16 -2 -1 0 1 2 2 1 0 -1 -2 -2 -1 0 1 2
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TABLE 14

SUMMARY OF ANALYSES OF UNIT 1 ACHIEVEMENT
DATA FOR WHICH F ( F.05

Source of
Variation

df
df

2
F Adjusted Means

Student sex . 1 383 0.97 F=11.22 M=11.58

Grade level 1 385 0.48 8th=11.48 9th=11.19

Period 5 369 2.01 P
1
=11.68 P

2
=11.59

of day P
3
=11.05 P

4
=11.93

P
5
=10.97 P

6
= 9.59

Treatment within
Male student 2 181 1.87 D=10.60 E=11.70 S=11.48

Treatment within
School 2 2 138 2.45 D=10.87 E=12.49 S=11.68

Treatment within
8th grade boys 2 123 2.21 D=11.03 E=12.56 S=11.97

Treatment within
9th grade boys- 46 0.38 D=9.45 E=9.97 S=10.32

TreatmentTreatment within
male students of
female teachers 2 93 1.71 D=11.41 E=12.82 S=11.33

Treatment within
female students of
male teachers* 2 68 2.55 D= 9.34 E=11.66 S=11.55

*
Heterogeneity of regression significant at .05 level in
this analysis.
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TABLE 15

SUMMARY OF ANALYSES OF UNIT 1 RETENTION
DATA FOR WHICH F c F.05

Source of
Variation df df

2
F Adjusted Means

Student sex 1 383 0.16 F=11.53 M=11.68

Grade level 1 385 1.46 8th=11.75 9th=11.22

Treatment within
male students 2 181 1.11 D=10.81 E=11.53 S=11.85

Treatment within
8th grade boys 2 123 1.03 D=11.20 E=12.37 S=12.19

Treatment within
9th grade boys 2 46 0.88 D= 9.13 E=10.38 S=10.88

Treatment within
male students
of female teachers 2 93 1.56 D=11.33 E=13.16 S=12.53

Treatment within:
male students of-

male teachers 2 76 1.47 D= 9.41 E=10.38 S=11.16
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TABLE 18

RESULTS OF THE RANGE TESTS WHEN ACHIEVEMENT
DATA OF UNIT 1 WERE GROUPED BY METHOD

M
D
= 10.28 M

E
= 11.91 MI= 11.92

M
D

ME

* * * *

ns

**Significant at .01 level.

ns Not significant at .05 level.
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TABLE 23

RESULTS OF RANGE TESTS ON UNIT 1 RETENTION DATA

WHEN THE SUBJECTS WERE GROUPED BY METHOD

M
D

M
E

M
D

= 10.46 M
E
= 11.96 MI= 12.31

OW

IMO ns

** Significant at .01 level

ns Not significant at .05 level
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TABLE 25

RESULTS OF RANGE TESTS WHEN UNIT I ACHIEVEMENT

DATA WERE GROUPED BY TEACHER

T
1

T
1
= 11.96

T2 10.19

T3 9.50

T
4
= 11.16

T
5
= 11.70

12.10

T
7
= 11.99

irk

ns

gr4 'gr5
T
6

T
7

ns ns ns ns

ns ns * *

* ** ** **

ns ns ns

ns ns

ns

** Significant at .01 level

Significant at .05 level

ns Not significant at .05 level
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TABLE 28

RESULTS OF THE A POSTERIORI TESTS OF THE UNIT 1

RETENTION DATA WHEN STRATIFIED BY TEACHER

T
1 T2

-T
1
= 11.34 *

T
3

**

T
4

ns

T
5

*

T
6

ns

T
7

it*

T
2

= 9.65 ns ** ** **

T
3

= 9.52 ** ** ** **

T
4

= 11.55 * ns **

T
5
= 12.95 * ns

T
6
= 11.73 **

T
7
= 14.07

** Significant at .01 level

* Significant at .05 level

ns Not significant at .05 level
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TABLE 31

RESULTS OF RANGE TESTS OF UNIT 1 °RETENTION DATA
WHEN SULJECTS WERE GROUPED BY PERIOD OF DAY

P1 P2 P3 P4 P5 P6

P
1

= 12.39 ns **

P
2

= 11.18 ns ns ns

P3 = 11.24 ns ns ns

P
4

= 12.34 * **

P
5
= 10.46 ns

P
6

= 10.00

** Significant at .01 level

* Significant at .05 level

ns Not significant at .05 level
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TABLE 35

RESULTS OF RANGE TESTS OF EIGHTH GRADE STUDENT
ACHIE"EMENT DATA ON UNIT 1 WHEN GROUPED BY METHOD

MD
ME

MI

M
D
= 10.59 ide

ME = 12.21_ ns

N = 12.30

** Significant at .01 Tavel

ns Not significant at .05 level
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TABLE 56

SUMMARY OF THE HOMOGENEITY OF VARIANCE
TEST ON THE ACHIEVEMENT TEST

Source

of
Variation

df Sum of Squares Mean Square F F95

Treatments 2 21.9 11.0 2.29 3.68

Groups
Within
Treatments 15 72.4 4.8

Total 17 94.3

TABLE 57

SUMMARY OF THE HOMOGENEITY OF VARIANCE
TEST ON THE RETENTION TEST

Source
of

Variation
df Sum of Squares Mean Square F F

.95

Treatments 2 30.9 15.5 3.30 3.68

Groups
Within 15 71.0 4.7

Treatments

Total 17 101.9



TABLE 58

SUMMARY OF THE ANALYSIS OF VARIANCE FOR THE
GROUPS-WITHIN-TREATMENTS DESIGN ON THE ACHIEVEMENT TEST

Source
of df Sum of Squares Mean Square F T95

Variation

Treatments

Olioups-

Within-
Treatments

Total

2 2.9

15 305.5

17 308.4

1.5 0.07 3.68

20.4 fa'

TABLE 59

SUMMARY OF THE ANALYSIS OF VARIANCE FOR THE
GROUPS-WITHIN-TREATMENTS DESIGN ON THE RETENTION TEST

Source
of df Sufi of 'Squares Mean Square F F95

Variation

Treatments

Groups-
Within-
Treatments

Total

2 7.4 3.7 0.14 3.68

15 388.3 25.9

17 395.7



TABLE 60

SUMMARY OF THE ANALYSIS OF VARIANCE FOR THE
THREE-FACTOR FACTORIAL DESIGN AT THE

NINTH GRADE LEVEL ON THE ACHIEVEMENT TEST

Source of
Variation df

Sum of
Squares

Mean
Square F F

.95

T (treatments) 2 305.33 152.67 1.11 9.55

C:T (classes nested
in treatments) 3 413.52 137.84 3.93* 2.68

A (achievement level
on thb Uhit 2 pretest)'1 2813.78 2813,78 57.81* 10.13

TA 2 26.57 13.29 0.27 1.55

AC:T 3 146.01 48.67 1.39 2.68

Error 122 4275.23 35.04

* Significant at the .05 level.
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TABLE 61

NINTH GRADE CLASS TOTALS ON THE UNIT 2 ACHIEVEMENT
TEST ARRANGED IN INCREASING

ORDER 'OF MAGNITUDE

Class Total Order Class

403.5 1 2

413.0 2 13

485.3 3 1

488.2 4 10

505.8 5 15

553.4 6 8



TABLE 62

SUMMARY OF THE ANALYSIS OF VARIANCE FOR THE
THRED.FACTOR FACTORIAL DESIGN AT THE

NINTH GRADE LEVEL ON THE UNIT 2 RETENTION TEST

Source of
Variation df

Sum of
Squares

Mean
Square F F

.95

T (treatments) 2 1336.26 668.13 5.61 9.55

C:T(classes nested
in treatments) 3 357.08 119.03 2.73* 2.68

A (achievement level
on the pretest) 1 2711.02 2711.02 73.99* 10.13

TA 2 35.60 17.80 0.49 9.55

AC:T 3 109.92 36.64 0.84 2.68

Error 122 5313.15 43.55

* Significant at the .05 level.
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TABLE 63

NINTH GRADE CLASS TOTALS ON THE UNIT 2
RETENTION TEST ARRANGED IN INCREASING

ORDER OF MAGNITUDE

Class Total Order Class

361.1 1 13

370.1 2 2

!...

427.1 3 15

469.7 4 1

545.4 5 8

548.2 6 10



TABLE 64

SUMMARY OF.THE ANALYSIS OF VARIANCE FOR THE
FOUR-FACTOR FACTORIAL DESIGN AT THE EIGHTH
GRADE LEVEL ON THE UNIT 2 ACHIEVEMENT TEST

Source of
Variation df

Sum of
Squares

Mean
Square

T (treatments) 2 214.41 107.20

S (schools) 1 37.82 37.82

C:TS (classes nested
in treatments
and schools)

6 969.79 161.63

A (adnievement level
on the Unit 2 pretest) 1 1956.32 1956.32

TS 2 32.05 16.03

TA 2 99.86 49.93

SA 1 50.94 50.94

AC:TS 6 322.01 55.34

TSA 2 2.67 E33

Error 253 9208.67 36.40

F F
.95

0.66 5.14

0.23 5.99

444* 2.13

35.35* 5.99

0.10 5.14

0.90 5.14

0.92 5.99

1.56 2.13

0.02 5.14

* Significant at the .05 level.
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TABLE 65

EIGHTH GRADE CLASS TOTALS ON THE UNIT 2 ACHIEVEMENT
TEST ARRANGED IN INCREASING

ORDER OF MAGNITUDE

Class Total Order Class

258.5 1 9

300.6 2 18

332.2 3 11

344.9 4 3

347.0 5 7

347.6 6 5

353.9 7 4

355.7 8 6

348.6 9 14

392.6 10 16

405.3 11 12

420.7 12 17

156'



TABLE 66

SUMMARY OF THE ANALYSIS OF VARIANCE FOR THE
FOUR-FACTOR FACTORIAL DESIGN AT THE EIGHTH
GRADE LEVEL ON THE UNIT 2 RETENTION TEST

Source of
Variation df

Sum of
Squares

Mean
Square F F

.95

T (treatments) 2 282.03 141.01 0.55 5.14

S (schools) 1 45.94 45.94 0.18 5.99

C:TS (classes nested
in treatments
and schools)

6 1548.05 258.01 7.55* 2.13

A (achievement level
on the Unit 2 pretest) 1 2102.07 2102.07 12.97 5.99

TS 2 90.68 45.34 0.18 5.14

TA 2 50.48 25.24 0.16 5.14

SA 1 34.62 34.62 0.21 5.99

AC:TS 6 972.65 162.11 4.75* 2.13

TSA 2 71.23 ''i.61 0.22 5.14

Error 253 8642.36 34.16

* Significant at the .05 level
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TABLE 67

EIGHTH GRADE CLASS TOTALS ON THE UNIT 2
RETENTION TEST ARRANGED IN INCREASING

ORDER OF MAGNITUDE

Class Total Order Class

218.3 1 9

277.7 2 18

283.9 3 11

300.1 4 16

343.0 5 6

345.2 6 4

351.6 7 7

353.4 8 5

362.4 9 14

362.5 10 3

372.6 11 12

398.2 12- 17
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TABLE 68

SUMMARY,OF ANALYSES OF UNIT 3 ACHIEVEMENT
DATA FOR WHICH F <7 F.05

Source of
Variation, df

1
df

2
Adjusted Means

Student Sex 1 396 0.01 F; 18.34 M; 18.30

Grade Level 1 398 0.67 8th; 18.25 9th; 18.59

Treatment within
Ninth Grade 2 111 2.35 D; 17.24 E; 18.53 S; 19.04

Treatment within
Male Student 2 188 2.83 D; 17.17 E; 18.43 S; 18.45

Treatment within
8th Grade Boys 2 125 1.54 D; 17.59 E; 18.63 S; 18.64

Treatment within
9th Grade Boys 2 0.98 D; E; 17.88 S; 18.07

Treatment within
Male Students of
Female Teachers 2 92 2.04 D; 17.60 E; 19.43 S; 18.72

Treatment within
Female Students of
Male Teachers 2 69 1.96 D; 16.49 E; 18.71 S; 18.58

Treatment within
Male Students of
Male Teachers 2 83 1.43 D; 16.54 E; 17.74 S; 18.07
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SUMMARY

TABLE 69

OF ANA7,YSES OF UNIT 3 RETENTION

DATA FOR WHICH F ( F.05

Source of
Variation

df df
2

1

F Adjusted Means

Treatment 2 394 0.82 D;16.00 E;16.47 S;16.51

Student Sex 1 396 1A9 F;16.08 M;16.54

Grade Level 1 398 1.20 8th;16.47 9th; 16.01 .

Treatment within
Eighth Grade 2 271 1.39 D;16.55 E;16.25 S;17.13

Treatment within
Female Teacher: 2 215 1.28 D;16.21 E;16.97 5;17.05

Treatment within
Male Teacher 2 165 0.13 D;15.86 E;15.95 S;15.64

Treatment within
Male Students 2 188 0.16 D;16.06 E;16.11 S;16.39

Treatment within
Female Students 2 192 1.03 D;15.90 E;16.70 S;16.68

Treatment within
School 1 2 248 0.57 D;15.83 E;16.40 S;16.01

Treatment within
School 2 2 134 1.22 D;16.17 E;16.77 5;17.30

Treatment within
8th Grade Girls 2 132 0.46 D;16.23 t;16.11 5;16.82

Treatment within
8th Grade Boys 2 125 1.37 D;16.89 E;16.25 S;17.48

Treatment within
9th Grade Boys 2 :151 2.05 D;13.97 E;16.08 S;13.85

Treatment within
Female Students of
Female Teachers 2 111 1.31 D;16.13 E;17.59 5;17.22

Treatment within
Male Students of
Female Teachers 2 92 0.35 D;16.31 E;16.40 S;16.95

Treatment within
Female Students of
Male Teachers 2 69 1.35 D;15.35 E;16.30 S;14.98

Treatment within
Male Students of
Male Teachers 2 83 0.17 D;16.14 D;15.55 S;15.74
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TABLE 71

RESULTS OF A POSTERIORI TESTS OF UNIT 3

"ACHIEVEMENT DATA WHEN STRATIrIED BY METHOD

MD ME MI

M
D
= 17.38 ** *

ME= 18.92 ns

MI= 18.73

** Significant at .01 level

* Significant at .05 level

ns Not significant at .05 level
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TABLE 73

RESULTS OF THE A POSTERIORI TESTS OF UNIT 3

ACHIEVEMENT DATA WHEN STRATIFIED BY TEACHER

T
1

T
2

T
3

T
4

T
5

T
6

T
7

T
1
= 18.60 ns * * ns ns ns

T
2
= 18.14 AS ns * ns ns

T
3
= 17.15 ns ** ns **

T
4
= 16.92 * ns **

T5= 19.74 * ns

T6= 18.17 ns

T
7
= 19.39

** Significant at .01 level

* Significant at .05 level

ns Not Significant at .U5 level
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TABLE 81

RESULTS OF THE A POSTERIORI TESTS OF NINTH GRADE

RETENTION DATA IN UNIT 3 WHEN GROUPED BY METHOD

MD ME MI

MD= 14.54
** ns

M
E
= 17.01

*

M
I
= 14.36

.1

** Significant at .01 level

* Significant at .05 level

ns Not Significant at .05 level
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TABLE 83

RESULTS OF THE''ArPOSTERIORI!TESTVINIJN/T1'" ""
ACHIEVEMENT DATA FOR SUBJECTS OF FEMALE TEACHERS

WHEN GROUPED BY METHOD

M
D

= 17.68

M
E
= 20.31

M
I

= 18.88

M
D

M
E

M
/

** *

*

** Significant at .01 level

* Significant at .05 level
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TABLE 98

ANALYSIS OF TEACHER ATTITUDE DATA

Teacher

1

2

3

4

5

6

7

t =

X
pre post D D2

8.2 7.4 -0.8 0.64

7.8 7.1 -0.7 0.49

8.4 8.6 0.2 0.04

8.9 8.4 -0.5 0.25

9.1 9.1 0.0 0.00

9.0 9.0 0.0 0.00

8.8 9.6 0.0 0.00

60.2 5d .4 -1.8 1.42

N = 7, N - 1 = 6

ID =-1.8,
£D2

= 1.41

I. -1.9 _ -1.8

-1/ NiP2 - (I, D)2 17(1.42-(-1.8)2 il 6.70

-1.8

N-1 6 6

-1.8 = -1.71

11/7571 1.05

Thus, t = -1.71
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Group

TABLE 99

ANALYSIS OF STUDENT ATTUTUDE DATA

Mean Gain
N Score t t

.95
Conclusion

i 1

1

8th Grade - Method D 85 0.01 0.5.' 1.67 N.S.
*

8th Grade - Method E 67 -0.29 -0.6 1.67 N.S.

8th Grade - Method S 72 0.05 0.3 1.67 N.S.

9th Grade - Method D 18 0.12 0.6 1.74 N.S.

9th Grade - Method E 23 0.20 0.5 1.72 Y.S.

9th Grade - Method S 29 0.36 1.2 1.70 N.S.

* N.S. - Non-significant at .05 level
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Figure 1. - - Interaction of Method with Teacher
on Achievement in Unit 1.
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Figure 2.--Interaction of Method with Mental
Level on Achievement in Unit 1.
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